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Abstract

The KL � ����� decay is a good probe to measure � which is an imaginary component in the CKM
matrix which describes CP violation� By using Monte Carlo simulation� we studied the necessary
condition to measure � to ��� of itself with a lead�scintillator sandwich calorimeter� while suppressing
the number of major background from KL � ���� below signal events� With a semi	ideal detector�
we found required KL momentum range for the following four cases
 a�if we only measure gammas
energy and position� KL momentum � ��GeV�c� b�if we know the decay vertex in addition to gammas
energy and position� KL momentum � �GeV�c� c�if we know KL energy in addition to gammas energy
and position� KL momentum � �GeV�c� and d�if we know KL energy and decay vertex in addition to
gammas energy and position� KL momentum � ���MeV�c�
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to ine�ciency� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Distribution of energy deposit in the scintillator of ���mmPb� �mmScint detector for the
incident energy of ��MeV� ��MeV� ��MeV� ��MeV� ��MeV� and ���MeV� The shadowed
area below the threshold of ����MeV� which corresponds to ��MeV gamma� contributes
to ine�ciency� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�



���� Photon detection ine�ciency due to the sampling e�ect and punch through as a function
of incident energy of gamma� The open circles� the dot points� and the cross points
show the �mmPb� �mmScint� ���mmPb� �mmScint� and ���mmPb� �mmScint detector�
respectively� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Total detection ine�ciency as a function of the photon energy for �a��mmPb��mmScint
and �b����mmPb��mmScint sampling calorimeters� The dashed line and dotted line show
the ine�ciency due to the photo	nuclear interaction and the sum of sampling e�ect and
punch through� respectively� Above �GeV� the ine�ciency required by KAMI is used� � ��

��� The detection geometry used in simulation � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� Explanation of how to decide the cut region� �a�transverse momentum of KL � ������

�b�transverse momentum of KL � ����� �c�N�S ratio distribution that is �a� divided by
�b�� �d�The region with N�S ratio under this line is decided as signal region� and we take
down this line� �e�When the error on � get down to ���� this region is decided as signal
region� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� Pt distribution for KL � ���� are shown for the KL momentum of ���MeV�c� �GeV�c�
�GeV�c� ��GeV�c� and ��GeV�c in the simple case� The �mmPb��mmScint sampling
calorimeter was used as the photon counter� The shadow area shows the signal region��see
������ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� Pt distribution for KL � ����� are shown for the KL momentum of ���MeV�c� �GeV�c�
�GeV�c� ��GeV�c� and ��GeV�c in the simple case� The �mmPb��mmScint sampling
calorimeter was used as the photon counter� The shadow area shows the signal region��see
������ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� Background level in the Simple Case is shown as a function of KL momentum� The solid
line and the dashed line show background level for using �mm Pb��mm Scint and ���mm
Pb��mm Scint detector� respectively� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� The distribution of two gammas mass forKL momentum of ���MeV�c� �GeV�c� �GeV�c�
��GeV�c� and ��GeV�c� The �mmPb� �mmSint calorimeter was used as the photon
counter� The shadow area shows the signal region of m�� � ��MeV�c� � � � � � � � � � � ��

��� Pt distribution for KL � ���� are shown for the KL momentum of ���MeV�c� �GeV�c�
�GeV�c� ��GeV�c� and ��GeV�c in the case where vertex is known� The �mmPb��mmScint
sampling calorimeter was used as the photon counter� The shadow area shows the signal
region��see ������ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� Pt distribution for KL � ����� are shown for the KL momentum of ���MeV�c� �GeV�c�
�GeV�c� ��GeV�c� and ��GeV�c in the case where vertex is known� The �mmPb��mmScint
sampling calorimeter was used as the photon counter� The shadow area shows the signal
region��see ������ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� The background level as a function of KL momentum is shown� The solid line and the
dashed line show the background level for the case where vertex is known using �mm
Pb��mm Scint and ���mm Pb��mm Scint detector� respectively� The dotted line show
the background level in simple case using �mm Pb��mm Scint� The background level at
�GeV�c is greater than that at ���MeV�c because the cut region and Pt distribution are
di�erent between them as shown in Fig����� � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Distribution of missing mass for KL � ���� for the KL momentum of ���MeV�c�
�GeV�c� �GeV�c� ��GeV�c� and ��GeV�c in the case whereEKL

is known� The �mmPb��mmScint
sampling calorimeter was used as the photon counter� The shadow area shows the cut
region� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�



���� Distribution of missing mass for KL � ����� for the KL momentum of ���MeV�c�
�GeV�c� �GeV�c� ��GeV�c� and ��GeV�c in the case whereEKL

is known� The �mmPb��mmScint
sampling calorimeter was used as the photon counter� The shadow area shows the cut
region� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Missing mass VS� E�� for the KL momentum of ���MeV�c� �GeV�c� and �GeV�c in the
case where EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the
photon counter� The left row shows the distribution for the background� and the center
row shows the distribution of signal� The right row shows the signal region selected by
the method described in the text� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Missing mass VS� E�� for the KL momentum of ��GeV�c� and ��GeV�c in the case
where EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the
photon counter� The left row shows the distribution for the background� and the center
row shows the distribution of signal� The right row shows the signal region selected by
the method described in the text� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� The background level as a function of PKL
is shown for the case where EKL

is known�
For comparison� simple case and the case where we know decay vertex are also shown� � ��

���� The distribution of missing mass for KL � ���� for the KL momentum of ���MeV�c�
�GeV�c� �GeV�c� ��GeV�c� and ��GeV�c in the case where the vertex and EKL

are
known� The �mmPb��mmScint sampling calorimeter was used as the photon counter�
The shadow area shows the cut region� � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� The distribution of missing mass for KL � ����� for the KL momentum of ���MeV�c�
�GeV�c� �GeV�c� ��GeV�c� and ��GeV�c in the case where the vertex and EKL

are
known� The �mmPb��mmScint sampling calorimeter was used as the photon counter�
The shadow area shows the cut region� � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Missing mass VS� E�� for the KL momentum of ���MeV�c� �GeV�c� and �GeV�c in the
case where the vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter
is used as the photon counter The left row shows the distribution for the background� and
the center row shows the distribution for signal� The right row shows the signal region
selected by the method described in the text� � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Missing mass VS� E�� for the KL momentum of ��GeV�c� and ��GeV�c in the case
where the vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter is
used as the photon counter The left row shows the distribution for the background� and
the center row shows the distribution for signal� The right row shows the signal region
selected by the method described in the text� � � � � � � � � � � � � � � � � � � � � � � � � ��

���� The background level as a function of PKL
is shown for the case where the decay vertex

and EKL
are known� For comparison� other cases are also shown� � � � � � � � � � � � � � ��

��� The detection geometry used in realistic model � � � � � � � � � � � � � � � � � � � � � � � ��
��� Pt distribution after smearing gamma
s hit position by �X���� in the simple case� KL

momenta are �GeV�c� ��GeV�c� and ��GeV�c from the top� The left row shows back	
ground and the right row shows the signal� The detector was assumed to be made of
�mmPb� �mmScint calorimeter� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� The background level after smearing gamma
s hit positions in the simple case is shown
as a function of PKL

� The detector was assumed to be made of �mmPb� �mmScint
calorimeter� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� The background level after smearing gamma energies in the simple case is shown as a
function of PKL

� The detector was assumed to be made of �mmPb� �mmScint calorimeter� ��

�



��� Pt distributions after using a �nite detector length of L����� in the simple case� KL

momentums are �GeV�c� ��GeV�c� and ��GeV�c from the top� The left row shows
background and the right row shows the signal� The detector was assumed to be made
of �mmPb� �mmScint calorimeter� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� The background level after using �nite detector in the simple case is shown as a function
of PKL

� The detector was assumed to be made of �mmPb� �mmScint calorimeter� � � � ��
��� The background level for a detector with �nite resolutions and length is shown as a

function of PKL
� The used conditions are �X������ �E�E � ���

p
E�GeV �� and

L�PKL
���MeV�c� The detector was assumed to be made of �mmPb� �mmScint calorime	

ter� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� Schematic geometry for measuring the direction of gamma� We assumed to measure the

direction of gammas by converting gamma to two electrons and measuring the direction
of the electron track � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� Two gammas mass distribution after smearing gammas direction by b�� for KL � �����
in the case vertex is known� KL momenta are ���MeV�c� �GeV�c� �GeV�c� ��GeV�c�
and ��GeV�c� The detector is assumed to be made of �mmPb� �mmScint calorimeter� � ��

���� Pt distribution after smearing gammas direction by b�� for KL � ���� in the case where
vertex is known� KL momenta are ���MeV�c� �GeV�c� �GeV�c� ��GeV�c� and ��GeV�c�
The detector is assumed to be made of �mmPb� �mmScint calorimeter� � � � � � � � � � ��

���� The background level after smearing gammas direction in case where vertex is known� The
detector was assumed to be made of �mmPb� �mmScint calorimeter� The background
level for �GeV�c on b�� does not exist� because �������� was not achieved with any
cuts� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� The background level after smearing gammas energy in the case where vertex is known�
The detector was assumed to be made of �mmPb� �mmScint calorimeter� � � � � � � � � ��

���� The background level after using �nite length detector in case where vertex is known�
The detector was assumed to be made of �mmPb� �mmScint calorimeter� � � � � � � � � ��

���� The background level for a realistic model in the case where vertex is known� The
conditions are �E�E � ���

p
E�GeV �� �� � ��E�MeV �� and L�EKL

���MeV� The
detector was assumed to be made of �mmPb� �mmScint calorimeter� � � � � � � � � � � � ��

���� Missing mass VS� E�� for the KL momentum of ���MeV�c� �GeV�c� and �GeV�c in the
case where EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the
photon counter� We smeared the KL energy by �� in sigma� The left row shows the
distribution for the background� and the center row shows the distribution for the signal�
The right row shows the signal region selected by the method described in the text� � � ��

���� Missing mass VS� E�� for the KL momentum of ��GeV�c� and ��GeV�c in the case
where EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the
photon counter� We smeared the KL energy by �� in sigma� The left row shows the
distribution for the background� and the center row shows the distribution for the signal�
The right row shows the signal region selected by the method described in the text� � � ��

���� Background level after smearing the KL energy with �EKL
�EKL

� �� and ��� in the
case where EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the
photon counter� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Background level after smearing gammas energy with a��� and ��� in the case where
EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the photon
counter� The background level at ���MeV for a���� does not exist� because ���� can
not reach ��� with any cut region� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�



���� Background level after smearing gammas position with �X����� and ��� in the case
where EKL

are known� The �mmPb��mmScint sampling calorimeter was used as the
photon counter� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Background level for a detector with a �nite length�L ���� and ����� in the case where
EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the photon
counter� The background level at ��GeV�c and ��GeV�c in L���� are absent� because
most of gammas escape the detector� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Background level for a realistic detector with a �nite length and �nite resolutions in
the case where KL energy are known� The conditions are �EKL

�EKL
���� a������

�X������ and L�PKL
���MeV�c� The �mmPb��mmScint sampling calorimeter was

used as the photon counter� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� Missing mass VS� E�� for the KL momentum of ���MeV�c� �GeV�c� and �GeV�c in the

case where vertex and EKL
are known� The �mmPb��mmScint sampling calorimeter was

used as the photon counter� We smeared the KL energy by �� in sigma� The left row
shows the distribution for the background� and the center row shows the distribution for
the signal� The right row shows the signal region selected by the method described in the
text� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Missing mass VS� E�� for the KL momentum of ��GeV�c� and ��GeV�c in the case where
vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter was used as
the photon counter� We smeared the KL energy by �� in sigma� The left row shows the
distribution for the background� and the center row shows the distribution for the signal�
The right row shows the signal region selected by the method described in the text� � � ��

���� Background level after smearing the KL energy with �EKL
�EKL

� �� and ��� in the
case where vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter was
used as the photon counter� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Background level after smearing gammas energy with a��� and ��� in the case where
vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter was used as
the photon counter� The background level at ���MeV for a���� does not exist� because
���� can not reach ��� with any cut region� � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Background level after smearing gammas direction with b�� and � in the case where
vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter was used as
the photon counter� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Background level for a detector with a �nite length in the case where vertex and EKL
are

known� The �mmPb��mmScint sampling calorimeter was used as the photon counter�
The background level at ��GeV in L��� and L���� are absent� because most of gammas
escape the detector� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

���� Background level for a realistic detector with a �nite length and �nite resolutions in
the case where vertex and KL energy are known� The conditions are �EKL

�EKL
����

a������ b��� and L�PKL
���MeV� The �mmPb��mmScint sampling calorimeter was used

as the photon counter� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

I�� Photon detection ine�ciency for CsI photon counter as a function of gamma
s energy�
measured by ES��� ����� The cross correspond to the data� and the solid line is the
ine�ciency which KAMI experiment required in EOI� � � � � � � � � � � � � � � � � � � � ��

I�� The background level for a realistic model in the simple case is shown� The solid line and
the dashed line show the background level using CsI photon counter and �mmPb��mmScint
sampling detector� respectively� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

I�� The background level for a realistic model in the case where vertex is known is shown�
The solid line and the dashed line show the background level using CsI photon counter
and �mmPb��mmScint sampling detector� respectively� � � � � � � � � � � � � � � � � � � ��

��



I�� The background level for a realistic model in the case whereKL energy is known is shown�
The solid line and the dashed line show the background level using CsI photon counter
and �mmPb��mmScint sampling detector� respectively� � � � � � � � � � � � � � � � � � � ��

I�� The background level for a realistic model in the case where vertex and KL energy are
known is shown� The solid line and the dashed line show the background level using CsI
photon counter and �mmPb��mmScint sampling detector� respectively� � � � � � � � � � ��

II�� Distribution of reconstructed vertex position before cuts for a detector with �nite reso	
lutions and length� The real vertex position is zero� � � � � � � � � � � � � � � � � � � � � � ��

III�� The KL momentum�GeV�c� distribution� measured in KAMI beam test� The dots and
histogram correspond to the data and MC� respectively� � � � � � � � � � � � � � � � � � � ��

III�� The background level as a function of the peak KL momentum�Ppeak� for the simple
case� The solid line and dashed line show the case where realistic KL momentum and a
monochromatic KL momentum are used� respectively� � � � � � � � � � � � � � � � � � � � ��

III�� The background level as a function of the peak KL momentum�Ppeak� for the case where
vertex is known� The solid line and dashed line show the case where the realistic KL

momentum and a monochromatic KL momentum are used� respectively� � � � � � � � � � ��
III�� Mmiss VS� E�� for Ppeak of �GeV�c� ��GeV�c� and ��GeV�c in the simple case� The

EKL
which is necessary to calculate Mmiss is assumed to be the KL momentum at the
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Chapter �

Introduction

The existence of symmetry principles in physics had been speculated as a manifestation of underlying
beauty of order of the universe� From Newtonian mechanics to quantum mechanics� symmetry principles�
connected with conservation laws� have provided us economical but elegant ways of looking at the nature�
The law of right	left symmetry� associated with parity conservation� and invariance in charge conjugation
operation� the two discrete symmetry laws which gained importance in quantum mechanics� had also
been assumed to hold in subatomic world of physics� In this context� the breakdown of the combination
of charge and parity symmetry in kaon decay� following parity violation discovered in weak interactions�
had given us great impact on our view of the nature� At the same time� however� the discovery opened
our eyes toward a new framework of physics� Afterwards� e�orts have been paid to establish a model
which incorporates the CP violation�

After about three decades since the CP breaking observation� so called the Standard Model has
become believed to be the most probable candidate for the full description of elementary particle physics�
Recent attention has been focused upon the complete determination of the parameters introduced in this
scheme� In this respect� the rare kaon decay� KL � ������ has gained a key role for the determination
of the parameters� We will observe the underlying physics and the purpose and overview of this study
in this chapter�

��� Physics Interest in KL � �����

����� CP Violation

The combination of charge conjugation and parity transformation changes K� into �K�� and vice versa�

CP jK�i � j �K�i 	 �����

CP j �K�i � jK�i � �����

�We use a conventional phase de�nition� and currently neglect the small e�ect of CP violation��
The eigenvalues and eigenstates of CP are described as�

jK�i � �p
�

�jK�i� j �K�i� �CP � ��� 	 �����

jK�i � �p
�

�jK�i � j �K�i� �CP � ��� � �����
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K� is the longer	lived kaons� whose lifetime is ��� � ���� seconds� and K� is the shorter	lived kaons�
whose lifetime is ����� ����� seconds� It had been believed from CP consistency that jK�i decays to
the three pions� which form a CP odd state� while jK�i decays to two pions in a CP even state�

In ����� Cronin and Fitch� et al�� observed that the longer	lived kaons decayed to two pions ���� This
suggests that CP odd long	lived kaons� KL� decays into CP even mode� and CP is not conserved in
this decay�

This phenomenon can be explained if KL is actually composed not only of jK�i but also with a
slight mixture of jK�i�

jKLi � �p
� � 
�

�jK�i� 
jK�i� 	 �����

and K� decays to two pions� Such a mechanism for causing KL to decay to two pions is called indirect
CP violation� However� CP can be violated if K� in equation ����� decays to two ��
s� If K� directly
decays to two pions� we can say that the CP is directly violated�

����� CKM parameter �

Currently� the powerful framework to explain CP violation is the Standard Model� which incorporates
electromagnetic� weak� and strong interactions into a single scheme� It has a mechanism to introduce
CP violation� including the direct CP violation�

In the Standard Model picture� direct CP violation is connected to the framework of quark mixing
presented by Cabbibo� Koboyashi� and Maskawa ���� In this theory� direct CP violation stems from the
consequence of a three generation model�

The charged current in weak interaction can be written as�

J� �
�
�u �c �t

� ����� ���

�
U

�
� d

s
b

�
A � �����

The matrix U � introduced by Kobayashi and Maskawa� tells us the coupling of up and down type quarks�

U �

�
� Vud Vus Vub

Vcd Vcs Vcb
Vtd Vts Vtb

�
A � �����

The � � � unitary matrix U can be represented by � parameters� with � arbitrary phases left aside� Of
� parameters� � are real parameters and � is complex phase factor which accounts for the CP violation�

Wolfenstein parameterized the matrix components as follows ����

U �

�
� �� ��

�
� A���
� i��

�� �� ��

�
A��

A����� 
� i�� �A�� �

�
A � �����

The � parameter accounts for the CP violation� and the determination of the � parameter is one of
the primary goals of particle physics of today� As we will see� measurement of the branching ratio of
rare CP violating decays can determine the value of ��

����� Decay of KL � �����

The observation of a rare decay KL � ����� is a good window to determine the � parameter� As shown
in Fig� ���� this decay is governed by short	distance transition current and occurs almost entirely from
the direct CP violation� as described below�
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Figure ���� The Z penguin and W	box diagrams which contribute to the decay KL � �����

The amplitude for KL � ����� can be written as

A�KL � ������ �
�p

� � 
�

�
A�K� � ������ � 
A�K� � ������

�
	 �����

or

A�KL � ������ �
�p

��� � 
��

�
�� � 
�A�K� � ������� ��� 
�A� �K� � ������

�
	 ������

using equations ����� and ������ Since top quark can be in medium state�Fig� ����� this decay involves
to the Vtd and Vts� Using the Wolfenstein
s parameterization ������

A�KL � ������ � V �

tdVts � V �

tsVtd � �i� � ������

Thus� we can see that the branching ratio of KL � ����� is proportional to ��� and determines the �
parameter�

The branching ratio can be calculated ��� �� as

BR�KL � ������ � ����� �������A����x� ������

where x � mt�mW � � � x���� and A is a CKM parameter in Wolfenstien parameterization of equation
������ The theoretical estimate of this branching ratio is �� ���� ����� based on the current knowledge
of CKM parameters ��� ��� Due to the uncertainties on the CKM parameters� these predictions still
contain an error of �� �������� The best published limit to data for the KL � ����� decay is ��������

����CL� from E���	I at Fermi National Accelerator Laboratory �FNAL����� The theoretical uncertainty
on the relation between BR�KL � ������ and �� that is uncertainty of A����x� in equation ������� has
a magnitude of a few percent���� Therefore� by measuring the branching ratio of KL � ������ we can
directly determine CKM parameter � with a high accuracy�
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��� Experimental Challenges for Detecting KL� �����

In this section� we will describe the experimental challenges for detecting KL � ����� and possible
kinematic variables that we could use�

Since almost �� � of ��
s decay into two �
s� the detection of KL � ����� means �nding ��
s
originating from a �� decay� This raises some di�culties for observing KL � ������

First di�culty is the measurement of the vertex position� With an orthodox photon detector which
can only detect energy and position of gammas� we cannot measure the vertex position� because we do
not know the direction of gamma� However� if we know the vertex position� we can reconstruct gamma
s
momentum and thus invariant mass of two gammas� With this mass distribution� some backgrounds
can be rejected very e�ectively� Therefore we should �nd out whether we really need a detector which
can measure direction of the gamma or not��

Second di�culty is the existence of many di�cult backgrounds sources� The decay modes which
can be background are KL � ����� KL � ������� KL � ��� KL � ����� � � n��� etc�� Of these
backgrounds� the dominant and the most severe background is KL � ���� � ���BR�����������
where two gammas were missed� There are following two cases for missing two gammas� One is that
gamma miss photon counter� either by going between photon counters or going through a beam hole in
a detector� Therefore� it is important to have a hermetic coverage around the decay region and minimize
the beam hole size� Another reason is that photon counter misses detection although gamma hits the
photon counter� This e�ect depends on the ine�ciency of photon counter� and this ine�ciency is very
sensitive to energy of the gamma� Therefore� the energy of incident KL is an important factor�

Moreover� there are two kinds of backgrounds from KL � ����
 �a�even pair background which is
caused by missing two gammas originating from the same pion� and �b�odd pair background caused
by missing two photons from di�erent pions�Fig ����� Of these backgrounds� even pair background
has a similar property as signal because observed two gammas come from one pion� Therefore� the
suppression of even pair background is more di�cult than that of odd pair background� To suppress
even pair background� we should measure all kinematics of this decay� so EKL

is an important variable�
Therefore� we should �nd out whether we should measure EKL

or not�
Now� various experiments are approaching these problems with several di�erent methods�
For example� BNL �Brookhaven National Laboratory� is proposing to completely measure the kine	

matics of the gammas including position� angle� energy� and the time of  ight �TOF� of KL to measure
the KL momentum� and reconstruct �� momentum in KL center of mass system ���� In order to mea	
sure the KL momentum by TOF� they plan to use a KL beam with low momentum around ��� MeV�c�
Further� they are planing to use photon veto surrounding the decay region�

At FNAL� the KAMI �Kaons At the Main Injector� experiment is planning to use high intensity
proton beam at ��� GeV to reduce the gammas missed by photon veto� ��� The typical momentum of
KL is �� GeV�c�

At KEK �High Energy Accelerator Research Organization in Japan�� E��� is planning to use typically
� GeV�c KL beam� This beam energy is selected to avoid the background due to hyperons which
are potential problems at high KL energy� but to keep the gammas energy high enough to achieve
enough veto power� The detector is surrounded by a hermetic veto counter to reduce the KL � ����

background���� In future� this experiments will move to JHF�Japan Hadron Facility� and is planning to
collect about one thousand KL � ����� events�

�The KTeV experiment at FNAL set an upper limit on branching ratio of less than �������� with the �� � con�dence
level �	
 by using �� e�e���Dalitz decay�
 This method has an advantage that one can detect the electron and positron
tracks found by tracking chambers and use them to fully reconstruct the �� mass and decay vertex
 However� the trade�o�
here is its small branching fraction ��
� �� of the Dalitz decay and a low acceptance to collect low mass e�e� tracks

Currently� since the expected number of signal itself is small� this method is not useful to observe KL � �����
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Figure ���� �a�even pair background is caused by missing two gamma from one pion� and �b�odd pair
is caused by missing two gamma from di�erent pions

��� Purpose and Overview

Now� as described above� several experiments using di�erent methods are being planned� but we do not
know which method is the best� In this thesis� we will go back to the basics and study the necessary
conditions to detect the branching ratio of KL � ����� and measure � parameter�

The goal of this study is to establish the necessary conditions for measuring � with a
��
 error while keeping the number of background events below the number of signal
events�

In order to achieve this goal� we ran simple Monte Carlo� For di�erent EKL
� we studied whether we

need to measure KL decay vertex� and EKL
� We also studied required performance and geometry of

the detector�
In this study� we considered only KL � ���� as background� because this background is expected

to be dominant and di�cult to suppress�
In the next chapter� we will describe the ine�ciency of photon counter which has very important

role in this experiment� In Chapter �� we assumed a perfect detector and studied the best limit on
the background for di�erent EKL

and methods� In Chapter �� we introduced detector resolution and
geometry� and studied the required speci�cation on the detector� In Chapter �� we will examine the
currently planned experiments based on the results obtained by this study� and give suggestions for
further study� At last� in Chapter �� we will give the conclusion of this study�
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Chapter �

Ine�ciency of Photon Counter

As we described in the previous chapter� the major background to KL � ����� is KL � ���� decay
where two gammas were not detected� It is therefore very important to have a good understanding of
the ine�ciency of photon counter� In this chapter� we will estimate the photon counter ine�ciency�

In this study� we used the lead�scintillator sandwich sampling calorimeter as the photon counter�
This is because this type is less expensive than fully active calorimeter such as CsI and has a good
performance� For the sampling calorimeter� the dominant components of ine�ciencies are due to photo	
nuclear interaction� sampling e�ect and punch through� These e�ects will be explained in the following
section in detail�

��� Photo�Nuclear Interaction

In this section� we will describe the detection ine�ciency due to photo	nuclear interaction�
The photo	nuclear interaction is a reaction that an incident gamma is absorbed by the nucleus and

this nucleus emits protons� neutrons� or photons� If the nucleus emits protons or high energy photon�
it is easy to detect� On the other hand� if the nucleus emits only neutrons or low energy photons� it is
di�cult to detect� because neutrons have no charge and do not react by electro	magnetic interaction�
In this case� the incident photon will not be detected�

This ine�ciency was studied by ES��� experiment at KEK Tanashi ����� In this experiment� two
types of sampling calorimeters were tested� One was a sandwich of �mm lead and �mm scintillator�
with a total thickness of ���� radiation length� We will call this detector 
�mmPb��mmScint
 for short
�Fig� ����a��� The other was a ��� radiation lengths long sandwich of ���mm lead and �mm scintillator�
followed by ���� radiation lengths long �mmPb��mmScint to veto the punch through events� We
will call the front detector 
���mmPb��mmScint
 �Fig� ����b��� Both detectors had a cross section of
��cm���cm� The energy threshold for both detectors was set to ��MeV�

Figure ��� shows the ine�ciency of Pb�Scint calorimeter due to photo	nuclear interaction measured
by ES����

��� Sampling E�ect and Punch Through

Besides the photo	nuclear interaction� there are two kinds of electro	magnetic interactions which causes
ine�ciency� They are sampling e�ect and punch through�

In the case of sampling calorimeters� if an incident photon deposits most of its energy into lead layers�
and deposits energy below a detection threshold into the scintillator� the photon will not be detected�
This is called sampling e�ect�
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If a photon goes through the detector without reaction� the photon will not be detected� This is
called punch through�

We estimated these ine�ciencies using the EGS � Monte Carlo simulation�

18.2 radiation length

15cm

15cm
ScintillatorLead

(a)1mmPb/5mmScint. detector

15cm

15cm

(b)0.5mmPb/5mmScint. detector

6.8 radiation
length

18.2 radiation length

1mm 5mm

�

�

1mm 5mm0.5mm 5mm
veto counter

Figure ���� The detector geometry used in ES��� experiment� The detector�a� shows the �mmPb�
�mmScint calorimeter and the detector�b� shows the ���mm� �mmScint calorimeter and veto counter�

Figure ���� Photon detection ine�ciency due to photo	nuclear interaction as a function of energy�
measured by ES��� ����� The open circles and the triangle show the ine�ciency for �mmPb��mmScint
calorimeter and ���mmPb��mmScint calorimeter� respectively�

�Electron Gamma Shower
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����� Geometry and Condition

In this simulation� to investigate the e�ect of sampling e�ect and punch through� lead�scintillator
sandwich detectors with three di�erent lead thicknesses����mm� ���mm� and �mm� were used� The
parameters of these detectors are shown in Table ���

Detector thickness thickness number of radiation
of lead of scint� Pb�Scint layer length

�mmPb��mmScint �mm �mm ��pairs ����
���mmPb��mmScint ���mm �mm ���pairs ����
���mmPb��mmScint ���mm �mm ���pairs ����

Table ���� Parameters of lead�scintillator sandwich detector used in EGS simulation

In this simulation� the detectors were assumed to be in�nitely wide� because in real experiment� a
hermetic photon detector will be used� A schematic geometry of the detector is shown in Fig� ����

Photons with a monochromatic energy was injected vertically to the plane�

Infinity wide�

Lead Scintillator

1mm 5mm

Infinity wide
�

Lead Scintillator

0.1mm 5mm

(a)1mmPb/5mmScint. detector

18.2 radiation length

(c)0.1mmPb/5mmScint. detector

18.3 radiation length

Infinity wide�

Lead Scintillator

0.5mm 5mm

(b)0.5mmPb/5mmScint. detector

18.8 radiation length

Figure ���� The detector geometry used in EGS simulation� The detector�a� shows �mmPb��mmScint
calorimeter� the detector�b� shows the ���mm��mmScint calorimeter and the detector�c� shows the
���mm��mmScint calorimeter�

����� Calibration

The observable in these sampling detectors is the energy deposit in scintillator� but what we really
want is the incident energy of gamma� Therefore in this section� we will estimate the relation between
incident photon energy and the energy deposit in scintillator�

Figures ���� ���� and ��� show the energy deposit in the scintillator in �mmPb��mmScint� ���mmPb��mmScint�
and ���mmPb��mmScint detector� respectively for several di�erent gammas energy� These distributions

��



were �tted for a Gaussian to obtain the mean energy deposit for each incident energy� Figure ��� shows
the mean energy deposit as a function of incident energy� The correlation is given by

Edep � ������Einc � ������MeV for �mmPb��mmScint� �����

Edep � ������Einc � ������MeV for ���mmPb��mmScint� �����

Edep � ������Einc � ������MeV for ���mmPb��mmScint� �����

where Edep is the energy deposit in the scintillator� and Einc is the incident energy�

����� Ine�ciency due to Sampling E�ect and Punch Through

In this section� we will estimate the ine�ciency due to sampling e�ect and punch through� The in	
e�ciency is de�ned as the probability of having the observed energy deposit below a given threshold�
To compare our results with ES��� results� the threshold was set to ��MeV in incident gammas en	
ergy� Based on Equations ������ ������ and ������ this threshold corresponds to ����MeV� ����MeV� and
����MeV for �mmPb��mmScint� ���mmPb��mmScint� and ���mmPb��mmScint� respectively�

Strictly speaking� a threshold is decided by the number of photo	electrons� but not gamma
s energy�
Therefore the gamma energy corresponding to the threshold is smeared by a statistical  uctuation
of the number photo	electrons� However� the threshold of �� MeV corresponds to about �� photo	
electrons� and the statistical e�ect on the gammas energy is about ���

p
��MeV��� ���MeV�� This has

little in uence on the results �see Fig����� ���� and ������ so it appropriates to use deposit energy to
decide the threshold�

In Figures ���� ���� and ����� the distribution of energy deposit in the scintillator is shown for three
sampling calorimeters� The shadowed area contributes to the ine�ciency� The peak at �MeV has two
components
 the dominant component is punch through� and another component is due to a backward
scattering of the incident photon in the �rst lead layer� These are described in Appendix A�

Figure ���� shows the ine�ciency due to the sampling e�ect and punch through for �mmPb��mmSinti�
���mmPb��mmSinti� and ���mmPb��mmSinti calorimeters� As shown in this �gure� the ine�ciency is
higher for low energy gammas and for the calorimeter with thicker lead� and as the energy grow up� this
e�ect reduces rapidly�

����� Ine�ciency of the Photon Counter

The total ine�ciency of photon counter is the sum of ine�ciencies due to photo	nuclear interac	
tion�Fig� ����� sampling e�ect� and punch through�Fig� ������ Since ES��� experiment has no data
above �GeV� we will assume the ine�ciency that KAMI requires for this region ����

As a result� �gure ���� show the detection ine�ciency of �a��mmPb� �mmSinti and �b����mmPb�
�mmSinti calorimeter� respectively�

In the following studies� we will assume that photon counters have the ine�ciency shown in Fig	
ure �����

��
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Figure ���� Distribution of energy deposit in the scintillator in �mmPb� �mmScint detector for the
incident gamma energy of ��� ��� ��� ��� ��� and ���MeV� The distributions are �tted for a Gaussian�
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Figure ���� Distribution of energy deposit in the scintillator in ���mmPb� �mmScint detector for the
incident gamma energy of ��� ��� ��� ��� ��� and ���MeV� The distributions are �tted for a Gaussian�
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Figure ���� Distribution of energy deposit in the scintillator in ���mmPb� �mmScint detector for the
incident gamma energy of ��� ��� ��� ��� ��� and ���MeV� The distributions are �tted for a Gaussian�
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Figure ���� Distribution of energy deposit in the scintillator of �mmPb� �mmScint detector for the
incident energy of ��MeV� ��MeV� ��MeV� ��MeV� ��MeV� and ���MeV� The shadowed area below
the threshold of ����MeV� which corresponds to ��MeV gamma� contributes to ine�ciency�

deposit energy (0.5mmPb/5mmScint.)
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Figure ���� Distribution of energy deposit in the scintillator of ���mmPb� �mmScint detector for the
incident energy of ��MeV� ��MeV� ��MeV� ��MeV� ��MeV� and ���MeV� The shadowed area below
the threshold of ����MeV� which corresponds to ��MeV gamma� contributes to ine�ciency�
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Figure ����� Distribution of energy deposit in the scintillator of ���mmPb� �mmScint detector for the
incident energy of ��MeV� ��MeV� ��MeV� ��MeV� ��MeV� and ���MeV� The shadowed area below
the threshold of ����MeV� which corresponds to ��MeV gamma� contributes to ine�ciency�

inefficiency (sampling effect and punch through)

10
-6

10
-5

10
-4

10
-3

10
-2

20 40 60 80 100 120
incident energy (MeV)

in
ef

fi
ci

en
cy

Figure ����� Photon detection ine�ciency due to the sampling e�ect and punch through as a function
of incident energy of gamma� The open circles� the dot points� and the cross points show the �mmPb�
�mmScint� ���mmPb� �mmScint� and ���mmPb� �mmScint detector� respectively�
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Figure ����� Total detection ine�ciency as a function of the photon energy for �a��mmPb��mmScint and
�b����mmPb��mmScint sampling calorimeters� The dashed line and dotted line show the ine�ciency
due to the photo	nuclear interaction and the sum of sampling e�ect and punch through� respectively�
Above �GeV� the ine�ciency required by KAMI is used�
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Chapter �

Simulation using Ideal Model

To satisfy the purpose described in the introduction� we studied the best way to suppress background
event �KL � ���� � ��� from signal event �KL � ����� � ��� and the level of background in
KL � ������ For this study� we generated KL � ����� events and KL � ���� events with Monte Carlo
simulation� In this chapter and the next chapter� we will describe the results of this simulation�

In this chapter� we will describe the results of the study in an ideal condition where the detector
covers all the solid angle ��� detector� and has perfect energy and position resolutions� There are
two reasons why we studied this ideal model
 one is to understand the feature of KL � ����� and
KL � ����� and the second is to know the ultimate limit of background suppression�

��� Condition and Geometry

In this section� we will explain the condition of this ideal model in detail�
We generated events in the following way� At �rst� KL beam with a monochromatic energy and an

in�nitely small beam size came along the Z axis� All the KL
s decayed at Z�� to ����� or ����� which
decayed immediately to photons� The photons were detected by an in�nitely long cylindrical detector
surrounding the Z axis� The detector was made of lead�scintillator sandwich� and assumed to have the
ine�ciency described in Chapter�� The detector measured the energy and position of photons with a
perfect resolution� The detector design is shown in Fig� ����

infinite length

0

r=1

sampling calorimeter

�

�
Z� L

Figure ���� The detection geometry used in simulation

In this simulation� to take the e�ect of the photon counter into account� we assigned the weight to
each events which is the probability for observing the event� For KL � ������ by using photon detection
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ine�ciency �
�E��Fig������ which depended on gammas energy E� weight is expressed simply as

weight � ��� �
�E������ �
�E���	 �����

where E� and E� are energies of two gammas� Since ine�ciency is far smaller than 
�
� this weight is
almost 
�
� On the other hand� for KL � ����� we considered all combinations of choosing two detected
gammas from four gammas� For each combination� we assigned a weight as shown in following table�

detected missing
gammas energy gammas energy weight

E�	 E� E�	 E� ��� �
�E������ �
�E����
�E���
�E��
E�	 E� E�	 E� ��� �
�E������ �
�E����
�E���
�E��
E�	 E� E�	 E� ��� �
�E������ �
�E����
�E���
�E��
E�	 E� E�	 E� ��� �
�E������ �
�E����
�E���
�E��
E�	 E� E�	 E� ��� �
�E������ �
�E����
�E���
�E��
E�	 E� E�	 E� ��� �
�E������ �
�E����
�E���
�E��

The sum of these six weights was used as the weight for the event� � Since ine�ciency is very small�
these weights are far smaller than 
�
� The acceptance is calculated by dividing the sum of weight by
the number of events�

We ran simulations at �ve di�erent KL momenta� ���MeV�c� �GeV�c� �GeV�c� ��GeV�c� and
��GeV�c� The number of generated signal events was ��� KL � ���� for each KL momentum� The
number of generated background KL � ���� events are shown below�

PKL
���MeV�c �GeV�c �GeV�c ��GeV�c ��GeV�c

number of events �� �� ��� �� ���� ��� �� ���� ��	 �� ���� ��	 �� ���� ��	

Higher statistics was required for higher PKL
� because the event weights from high PKL

varied in many
orders of magnitude due to a wider gamma energy range�

Besides the conditions described above� we considered the following four cases�

� �Simple Case� In this case� the sampling calorimeter is assumed to measure only the gammas
energy and hit position in the calorimeter�

� �A case where vertex is known� In this case� we assumed that we know KL decay vertex
position in addition to the energy and position of gammas�

� �A case where EKL
is known� In this case� we assumed that we know the energy of KL in

addition to the energy and position of gammas�

� �A case where vertex and EKL
are known� In this case� we assumed that we know the KL

decay vertex position and the energy of KL in addition to the energy and position of gammas�

In following� we will describe these four cases�

�Actually in this simulation� we treated each combinations as a separate event
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��� Simple Case

In this section� we will consider a simple case where we only use the gamma
s energy and hit position
in the calorimeter� This is a very orthodox case� and this detector can be made by using the existing
technology�

����� Transverse momentum Cut

In the simple case� the e�ective way to suppress the KL � ���� background is to cut on the transverse
momentum of ��� In this subsection� we will explain the method to reconstruct the transverse momentum
and show the transverse momentum distribution�

First� in order to calculate the decay vertex position� we assumed that two detected gammas came
from one ��� We can then calculate the angle between the two gammas� �� by

cos� � �� m�
��

�E��E��

	 �����

where m�� is the mass of ��� and E�� and E�� are the energy of two detected gammas� Using this �
and the gammas hit position� we can calculate the decay position on the Z axis� There are however�
two candidate decay positions� typically in the upstream and downstream of the detected positions� In
this simulation� we chose the one in the upstream� because most of the gammas  y downstream in this
energy� Here� notice that this method gives the correct decay position only for the signal events and
the even pair background events� but not for the odd pair background events�

Using this decay vertex position and the gamma
s energies� we can calculate the two gamma
s
momentum� and the transverse momentum of pion� In Figure ���� �a� shows the transverse momentum
for background� and �b� shows the one for signal at KL momentum of ��GeV�c� The peak around
���MeV�c in the Pt distribution for the background �Fig� ����a�� is due to the even pair background�
and the rest is due to the odd pair background� Comparing the transverse momentum distribution for
KL � ����� with that for KL � ����� it is obvious that a cut on transverse momentum is very e�ective�

����� Cut Criteria

Next� we need to decide a cut region� We considered the following two criteria for deciding the cut
region�

First� we should select the cut region which can determine � with an accuracy of ���� Since j�j�
is in proportional to signal branching ratio� we need to measure the branching ratio within ���� We
considered statistic error of signal and background events as the sole source of the error on branching
ratio� Consequently� the ���� depends on the number of signal and background events� which depends
on the signal region� As described in Appendix C� the ���� is expressed as�

���� �

p
BRsig �Asig �BRbkg �Abkg

��pNdecay �BRsig �Asig

�����

where BRsig � BRbkg � Asig � Abkg � and Ndecay mean the branching ratio of signal� branching ratio of
background� acceptance of signal� acceptance of background� and the number of KL decays� respectively�
In this study we assumed Ndecay to be ���� ���� which is the number suggested in KAMI� and BRsig

of �� ������ so unknown parameters are only Asig and Abkg which depends on the signal region�
Second� among all the possible signal regions which satisfy the �rst criterion� we chose the region

which gives the lowest background to signal ratio�N�S�� In order to do so� we �rst made the N�S
ratio distribution�Fig� ����c�� by dividing the background Pt distribution�Fig� ����a�� by the signal Pt
distribution�Fig� ����b���
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Next� we selected a high N�S ratio shown as a horizontal line in Fig� ����d�� and removed the events
in the region where N�S ratio is above this line �shown in white in Figure ����d��� We then lowered this
N�S ratio line to reduce more background events until ���� reaches ��� as shown in Fig� ����e�� The
region where the N�S is below the line is de�ned as the signal region�

Figure ��� and ��� show the transverse momentum of �� for KL momentum of ���MeV�c� �GeV�c�
�GeV�c� ��GeV�c� and ��GeV�c� The cut regions for each KL momentum are shown as shadow area�
For KL momentum of ���MeV�c and �GeV�c� ���� could not reach ��� or below with any cut region�
so the signal region does not exist� As shown in these �gures� in typical� the signal region exists
above even pair background peak �� ���MeV�c� and some area below ��� MeV�c� The step at about
���MeV�c for the KL momentum of ��GeV�c is an artifact of a step in the photon detection ine�ciency
we used �Fig� ������ More detailed description on this is written in Appendix B�

����� Background Level

In the following studies� we will describe the amount of background in terms of background level which
is described next�

The background level can be expressed as

!background

!signal
�

background level

signal B�R�
�����

In this study� the signal branching ratio is expected to be �� �� ������ For example� if the background
level is �������� it means that the expected number of background events is the same as the number of
signal events� and if the background level is �������� it means that the expected number of background
events is tenth of the signal� To satisfy the purpose described in the introduction� in the following studies
we will demand the background level to be less than the signal branching ratio ��� �������

In actual calculation� we used the following equation�

background level � BRbkg � Abkg

Asig

�����

Figure ��� shows the background level for the �mmPb��mmScint and ���mmPb��mmScint detectors�
The background levels for ���MeV�c and �GeV�c do not exist because ���� could not reach ��� or
below with any cut region� As shown in this �gure� below the 	 �GeV�c� we can not get background
level under �� ����� even with this ideal model� because this is in ideal model� The di�erence between
�mmPb� �mmScint and ���mmPb� �mmScint is small� The acceptances at di�erent KL momenta are
shown in Table ����

Based on this background level� if we only cut on Pt� the KL momentum has to be at least �GeV�c�

�mmPb��mmScint� detector

Momentum of Acceptance Acceptance
KL �GeV� of signal of background

� ���� ���� ���	

�� ����� ���� �����

�� ����� ���� �����

���mmPb��mmScint� detector

Momentum of Acceptance Acceptance
KL �GeV� of signal of background

� ���� ���� ���	

�� ����� ���� �����

�� ����� ���� �����

Table ���� Acceptance after transverse momentum cut in the simple case� In the left�right� table�
�mmPb��mmScint� ����mmPb��mmScint�� detector was used�
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Pt(1mmPb/5mmScint.) PK=50GeV/c
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Figure ���� Explanation of how to decide the cut region� �a�transverse momentum of KL � ������
�b�transverse momentum of KL � ����� �c�N�S ratio distribution that is �a� divided by �b�� �d�The
region with N�S ratio under this line is decided as signal region� and we take down this line� �e�When
the error on � get down to ���� this region is decided as signal region�
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Pt  1mmPb/5mmScint. background
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Figure ���� Pt distribution for KL � ���� are shown for the KL momentum of ���MeV�c� �GeV�c�
�GeV�c� ��GeV�c� and ��GeV�c in the simple case� The �mmPb��mmScint sampling calorimeter was
used as the photon counter� The shadow area shows the signal region��see ������

Pt  1mmPb/5mmScint. signal
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Figure ���� Pt distribution for KL � ����� are shown for the KL momentum of ���MeV�c� �GeV�c�
�GeV�c� ��GeV�c� and ��GeV�c in the simple case� The �mmPb��mmScint sampling calorimeter was
used as the photon counter� The shadow area shows the signal region��see ������
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Background Level (Simple case)
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Figure ���� Background level in the Simple Case is shown as a function of KL momentum� The solid
line and the dashed line show background level for using �mm Pb��mm Scint and ���mm Pb��mm Scint
detector� respectively�
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��� Case where Decay Vertex is known

In this section� we assumed that in addition to the gamma
s energy and hit position in calorimeter�
we can measure the decay vertex� This can be realized� for example� by measuring the direction of
gamma
s� Actually an experiment proposed at Brookhaven ��� is planing to use this new technique�

In this case� once we know the decay vertex� by requiring two gamma
s mass to be consistent with
the pions mass� we can reject the odd pair background events� We can further reduce background by
using Pt cut described in the previous section�

����� Mass Cut

In this case where we know the decay vertex position� we can calculate the momentum of the detected
two gammas� Using these momenta and the gamma
s energies� we can reconstruct the invariant mass of
the two gamma
s�m��� as shown in Figure ���� If these two gammas come from the same pion�as for even
pair background and signal events�� the reconstructed mass should be the pion
s mass �	���MeV�c���
On the other hand� if two gammas come from di�erent pions�odd pair background�� the mass is usually
di�erent from the pion
s mass� So we can remove the most of the odd pair background from KL � ����

by requiring the two gammas mass to be the pion
s mass� Here� since we assumed that the detector has
the perfect energy and position resolutions� the two gammas mass will be exactly the pions mass� We
could then set the mass window to be in�nitely small and reject all the odd pair background events�
However� this is not realistic� so we set the signal region as m�� � ��MeV�c�� This width is based on
the pions mass width observed in the CsI calorimeter by KTeV experiment� ����

As shown in Figure ��� and ���� the number of odd pair background events is much larger than the
number of even pair background events� Especially at high KL momentum the di�erence is enhanced�
This is because even pair background is suppressed with a kinematic constraint as explained in Appendix
D�

����� Transverse momentum Cut

To suppress background remaining in the signal region in mass distribution� we applied a cut on the
transverse momentum of ��� Since we know the decay vertex� we can reconstruct the transverse momen	
tum without assuming the pion mass as in the simple case� Figure ��� and ��� show the distributions
of Pt after the mass cut� The signal region in Pt was de�ned by the same method as in the simple
case� At higher KL momentum� the number of events in low transverse momentum region increases
because the remaining events after the �� mass cut are dominated by odd pair background events� More
detail we described in Appendix D� In result� at low KL momentum����MeV�c and �GeV�c� the signal
region also increase the low Pt regions� The step in these �gures are caused by step in photon detection
ine�ciency�Fig� ������ as similarly to the simple case�������� More detailed description on this is given
in Appendix B�

����� Background Level

Figure ��� shows the background level for �mmPb� �mmScint and ���mmPb� �mmScint detector� These
background levels are about ���� times lower than those for the simple case� and � can be measured
to ��� of itself at all KL momentum�

To make background level below the signal branching ratio��� ������� the KL momentum has to
be at least 	�GeV�c�

The acceptance after this cut is shown in Table ����
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�mmPb��mmScint� detector

Momentum of Acceptance Acceptance
KL �GeV� of signal of background

��� ���� ���� ����

� ���� ���� ����

� ����� ���� �����

�� ����� ���� �����

�� ����� ���� �����

���mmPb��mmScint� detector

Momentum of Acceptance Acceptance
KL �GeV� of signal of background

��� ���� ���� ����

� ���� ���� ����

� ����� ���� �����

�� ����� ���� �����

�� ����� ���� �����

Table ���� Acceptance after the �� mass cut and the Pt cut for the case where decay vertex is known�
In the left�right� table� �mmPb��mmScint�����mmPb��mmScint�� detector was used�
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Figure ���� The distribution of two gammas mass for KL momentum of ���MeV�c� �GeV�c� �GeV�c�
��GeV�c� and ��GeV�c� The �mmPb� �mmSint calorimeter was used as the photon counter� The
shadow area shows the signal region of m�� � ��MeV�c�
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Pt  1mmPb/5mmScint. background
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Figure ���� Pt distribution for KL � ���� are shown for the KL momentum of ���MeV�c� �GeV�c�
�GeV�c� ��GeV�c� and ��GeV�c in the case where vertex is known� The �mmPb��mmScint sampling
calorimeter was used as the photon counter� The shadow area shows the signal region��see ������
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Figure ���� Pt distribution for KL � ����� are shown for the KL momentum of ���MeV�c� �GeV�c�
�GeV�c� ��GeV�c� and ��GeV�c in the case where vertex is known� The �mmPb��mmScint sampling
calorimeter was used as the photon counter� The shadow area shows the signal region��see ������
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Background Level(Z known case)
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Figure ���� The background level as a function of KL momentum is shown� The solid line and the
dashed line show the background level for the case where vertex is known using �mm Pb��mm Scint
and ���mm Pb��mm Scint detector� respectively� The dotted line show the background level in simple
case using �mm Pb��mm Scint� The background level at �GeV�c is greater than that at ���MeV�c
because the cut region and Pt distribution are di�erent between them as shown in Fig�����
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��� Case where KL Energy is known

In this section� we will assume that we know the KL energy besides the gamma
s energy and hit position
in the calorimeter� This may be a very di�cult technique to realize� because KL is a neutral particle�
However� an experiment at BNL is planning to measureKL energy by using TOF� and one could consider
producing KL with a known energy by using K
 � n� p�K� charge exchange interaction�

In this case� the even pair background can be reduced e�ectively by cutting on a missing mass� We
can further cut the odd pair background by using correlation between the missing mass and energy of
two gammas�

����� Missing Mass Cut

In this case where we know the KL energy� we can calculate missing mass� which is the invariant mass
of the unobserved particles�

Assuming that the two observed gammas come from one pion� the missing mass is written as

M�
miss 
 �EKL

�E���
� � �

���
PKL

���P���� �����

� m�
KL

�m�
�� � �EKL

E�� � �PzKL
Pz�� �����

where EKL
and E�� are energy of KL and two observed gammas�

���
PKL

and
��
P�� are momentum of KL

and two observed gammas� mKL
and m�� are mass of KL and ��� and PzKL

and Pz�� are Z momentum
of KL and two gammas� Here� we assumed that KL
s come along the Z axis� In the case of even
pair background� the missing mass should be a pion
s mass� Therefore we can reject most of even pair
background from KL � ���� by cutting events around the pion
s mass�

Figure ���� and ���� show the distribution of the square of the the missing mass� Pion
s mass
corresponds to 	������MeV�c����

Since the perfect resolution model was assumed� the peak at the pion
s mass has no width� To be
more realistic� we assumed that the Mmiss has the same resolution as m�� �

The cut region is de�ned as

�m�� � ��MeV�c��� �M�
miss � �m�� � ��MeV�c���� �����

This cut region is shown in Fig� ���� and ���� as shadow region�

����� Missing mass VS� E�� Cut

In order to suppress the remaining odd pair background� we cut on the correlation between missing
mass and two gamma
s energy�E���� Figure ���� and ���� show the Mmiss VS� E�� distributions before
cutting on the missing mass�

The signal region was decided basically with the same method as in the simple case� but applied in
two dimensions� At �rst� we made the N�S ratio distribution in the two dimensional plot which is the
background distribution divided by the signal distribution� We then lowered a threshold on N�S ratio
until the events in the region below the threshold achieves ���� of ���� The signal regions are shown
in right row of Figure ���� and ����� The acceptance after this cut is shown in Table ����

����� Background Level

Figure ���� shows the background level for �mmPb��mmScint and ���mmPb��mmScint detector� This
background level is about ����� times lower than the simple case� This background level is also lower
than the background for the case where we know the decay vertex at low KL momentum�
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�mmPb��mmScint� detector

Momentum of Acceptance Acceptance
KL �GeV� of signal of background
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���mmPb��mmScint� detector

Momentum of Acceptance Acceptance
KL �GeV� of signal of background

��� ����� ���� ���	

� ����� ���� �����

� ����� ���� �����

�� ����� ���� �����

�� ����� ���� �����

Table ���� Acceptance after the missing mass cut and the missing mass VS� E�� cut in the case where
we know EKL

� In the left�right� table� �mmPb��mmScint����mmPb��mmScint� detector was used�

From this background level� to get background level below the signal branching ratio��������� � we
need to use KL with momentum greater than ���MeV�c for �mmPb��mmScinti detector� and at least
���MeV�c for ���mmPb��mmScint detector�
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Mmiss 1mmPb/5mmScint. Background

10
-9

10
-8

10
-7

0 5000 10000

x 10
500MeV/c            (MeV/c

2
)
2

ac
ce

pt
an

ce
/b

in
10

-1010
-910
-810
-710
-610
-5

0 5000 10000

x 10
1GeV/c              (MeV/c

2
)
2

ac
ce

pt
an

ce
/b

in

10
-13

10
-11

10
-9

10
-7

10
-5

0 5000 10000

x 10
5GeV/c              (MeV/c

2
)
2

ac
ce

pt
an

ce
/b

in

10
-16

10
-13

10
-10

10
-7

0 5000 10000

x 10
10GeV/c             (MeV/c

2
)
2

ac
ce

pt
an

ce
/b

in

10
-18

10
-15

10
-12

10
-9

10
-6

0 5000 10000

x 10
50GeV/c             (MeV/c

2
)
2

ac
ce

pt
an

ce
/b

in

Figure ����� Distribution of missing mass for KL � ���� for the KL momentum of ���MeV�c� �GeV�c�
�GeV�c� ��GeV�c� and ��GeV�c in the case where EKL

is known� The �mmPb��mmScint sampling
calorimeter was used as the photon counter� The shadow area shows the cut region�
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Figure ����� Distribution of missing mass for KL � ����� for the KL momentum of ���MeV�c� �GeV�c�
�GeV�c� ��GeV�c� and ��GeV�c in the case where EKL

is known� The �mmPb��mmScint sampling
calorimeter was used as the photon counter� The shadow area shows the cut region�
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Mmiss VS. E�� (1mmPb/5mmScint.)
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Figure ����� Missing mass VS� E�� for the KL momentum of ���MeV�c� �GeV�c� and �GeV�c in the
case where EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the photon counter�
The left row shows the distribution for the background� and the center row shows the distribution of
signal� The right row shows the signal region selected by the method described in the text�
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Figure ����� Missing mass VS� E�� for the KL momentum of ��GeV�c� and ��GeV�c in the case where
EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the photon counter� The left
row shows the distribution for the background� and the center row shows the distribution of signal� The
right row shows the signal region selected by the method described in the text�
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Figure ����� The background level as a function of PKL
is shown for the case where EKL

is known� For
comparison� simple case and the case where we know decay vertex are also shown�
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��� Case where Vertex and EKL
are known

In this section� we will assume that we know the decay vertex and KL energy besides the gamma
s
energy and hit position in the calorimeter�

In this case� the most of odd pair background can be reduced by using two gammas mass cut� and
the even pair background can be reduced very e�ectively by using the missing mass cut described in
Section ���� We can further cut the odd pair background by using correlation between the missing mass
and energy of two gammas�

����� Mass Cut

Since we know the vertex position� we can suppress the odd pair background by requiring the two
gammas mass to be consistent with pions mass� At this point� the mass distribution is the same as
Fig� ���� so we chose the same cut required as in the case where vertex is known �m�� � ��MeV�c���

����� Missing Mass Cut

In this case where we know the KL energy� we can calculate missing mass described in the previous
section�

Figure ���� and ���� show the distribution of the square of the the missing mass after cutting on the
two gammas mass� Pion
s mass corresponds to 	������MeV�c���� As similar to the previous section�
the cut region is de�ned as

�m�� � ��MeV�c��� �M�
miss � �m�� � ��MeV�c���� �����

This cut region is shown in Fig� ���� and ���� as shadow region�

����� Missing mass VS� E�� Cut

In order to suppress the remaining odd pair background� we cut on the correlation between missing mass
and two gamma
s energy� Figure ���� and ���� show the Mmiss VS� E�� distributions after cutting on
the two gammas mass and missing mass� The signal regions are shown in right row of Figure ���� and
����� The acceptance after this cut is shown in Table ����

�mmPb��mmScint� detector

Momentum of Acceptance Acceptance
KL �GeV� of signal of background

��� ����� ���� �����

� ����� ���� �����

� ����� ���� �����

�� ����� ���� �����

�� ����� ���� �����

���mmPb��mmScint� detector

Momentum of Acceptance Acceptance
KL �GeV� of signal of background

��� ����� ���� �����

� ����� ���� �����

� ����� ���� �����

�� ����� ���� �����

�� ����� ���� �����

Table ���� Acceptance after the two gamma
s mass cut� the missing mass cut� and the missing
mass VS� E�� cut in the case where decay vertex and EKL

are known� In the left�right� table�
�mmPb��mmScint�����mmPb��mmScint�� detector was used�
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����� Background Level

Figure ���� shows the background level for �mmPb��mmScint and ���mmPb��mmScint detector�
In this case� the background level is lower than the signal branching ratio at the KL momentum

between ���MeV�c and ��GeV�c�
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Figure ����� The distribution of missing mass for KL � ���� for the KL momentum of ���MeV�c�
�GeV�c� �GeV�c� ��GeV�c� and ��GeV�c in the case where the vertex and EKL

are known� The
�mmPb��mmScint sampling calorimeter was used as the photon counter� The shadow area shows the
cut region�
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Figure ����� The distribution of missing mass for KL � ����� for the KL momentum of ���MeV�c�
�GeV�c� �GeV�c� ��GeV�c� and ��GeV�c in the case where the vertex and EKL

are known� The
�mmPb��mmScint sampling calorimeter was used as the photon counter� The shadow area shows the
cut region�
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Figure ����� Missing mass VS� E�� for the KL momentum of ���MeV�c� �GeV�c� and �GeV�c in the
case where the vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter is used as the
photon counter The left row shows the distribution for the background� and the center row shows the
distribution for signal� The right row shows the signal region selected by the method described in the
text�
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Figure ����� Missing mass VS� E�� for the KL momentum of ��GeV�c� and ��GeV�c in the case
where the vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter is used as the
photon counter The left row shows the distribution for the background� and the center row shows the
distribution for signal� The right row shows the signal region selected by the method described in the
text�
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Figure ����� The background level as a function of PKL
is shown for the case where the decay vertex

and EKL
are known� For comparison� other cases are also shown�
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��	 Summary

In this ideal model� to measure � with a ��� error and to make the background level below signal
branching ratio��� ������� we need following conditions�

� At KL momentum of ���MeV�c� if we use �mmPb��mmScint detector� we need to know both KL

energy and vertex position� If we use ���mmPb��mmScint detector� we need to know KL energy�
or both KL energy and vertex position�

� AtKL momentum of �GeV�c� we need to knowKL energy� or bothKL energy and vertex position�

� At KL momentum of �GeV�c� we need to know KL energy� or vertex position� or both�

� At KL momentum of ��GeV�c and ��GeV�c� we do not need to know KL energy and vertex
position�

The background level becomes lower in the order of simple case� case where the vertex is known�
case where EKL

are known� and case where the vertex and EKL
are known�
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Chapter �

Requirements on the Detector

In the previous chapter� we assumed the ideal model� but in reality� the detector has �nite resolutions and
does not cover �� solid angle� Therefore in this chapter� we will study the requirements on the detector
for measuring the � to ��� of itself while keeping the background level below the signal branching ratio
��� �������

The speci�cations that we considered are detector length� and resolution of observed variables such
as gamma energy� gamma
s hit position in the calorimeter� gamma
s direction� and kaon energy� In this
study� we will use only �mmPb��mmScint detector� because the di�erence between �mmPb� �mmScint
detector and ���mmPb��mmScint detector is small as shown in Chapter ��

In the following sections� we will study the requirements on detector in four cases described in
Chapter ��

��� Simple Case

In this section� we will consider the simple case where we only measure gamma
s energy and the hit
position in the calorimeter� Therefore we will study the e�ect of a �nite resolution of gamma
s energy
and hit position� and an e�ect of having a �nite detector length� In order to understand the each e�ect�
we �rst varied resolutions of gamma energy and hit position� and the detector length one at a time�
leaving the remaining conditions still perfect� At the end� we chose a set of realistic parameters and
studied the background level�

����� Smearing Gamma	s Position

In here� we only smeared gamma
s hit position in the calorimeter with a Gaussian� The energy resolution
was kept zero� and detector length was still kept in�nite� We used the same position resolution �X to
the Z direction and ��polar angle� direction�

We studied three cases for �X � �X ������� ����� and ��� for the detector radius of 
�
� This
corresponds to �X����mm� �mm� and �cm for a detector radius of ��cm�

Figure ��� shows the Pt distribution after smearing the hit positions� Compared to Fig� ���� we can
see that the edge at ���MeV�c due to even pair background is smeared� Consequently� the signal region
above the even pair peak in the ideal model�Fig� ���� is a�ected� and signal region moved to include the
Pt region below the even pair peak�

Figure ��� shows the in uence on the background levels by smearing the hit positions� As shown
in this �gure� for �X������� there is no di�erence from the ideal model �section ����� However for

��



�X����� and ���� background levels go up by a factor ������� and ������� from those for the ideal
model� respectively�

����� Smearing Gamma	s Energy

Here� we smeared only gamma
s energy with a Gaussian� while keeping the other parameters perfect as
in the ideal case� The energy resolution was parameterized as

�E

E
�

ap
E
	 �����

where E is energy of gamma in GeV and a is a resolution constant� This is a general expression
for calorimeters� and for the CsI calorimeter in KTeV ���� a is �� and for a typical Lead	scintillator
sandwich ���� a is about ���

The �nite energy resolution a�ects the Pt distribution by smearing the edge at ���MeV�c� and signal
region tends to move below the even pair peak�

We studied with two energy resolutions� a ����� and ���� Figure ��� shows the background levels�
As shown in this �gure� with a����� there is no di�erence from the ideal model� but with a���� the
background level goes up by a factor ����� than in the ideal case�

����� Finite Detector Length

Here� we assumed that the detector has a �nite length� instead of an in�nite length� This means that
the gammas near the beam line are not detected� which is equivalent to not using a veto counter in the
beam� The resolutions of energy and hit position are assumed to be perfect�

A schematic geometry of the detector is shown in Fig� ���� As shown in this �gure� we �xed the
vertex position at Z � � and assumed that the detector ends at Z � L� We still assumed that the
detector is in�nitely long in the upstream direction� The latter assumption is not far from reality�
because in these KL energies� most of the gammas go downstream�

0

r=1

sampling calorimeter

�

�
Z� L

L

Figure ���� The detection geometry used in realistic model

Figure ��� shows the Pt distribution using a detector with L������ The �nite detector length a�ects
the Pt distribution for ��GeV�c� but not for �GeV�c and ��GeV�c� This is because at high EKL

most
of gammas escape the detector and the shape of Pt distribution for the detected two gammas varies�
Consequently� ���� cannot reach ��� with any signal region�

We prepared three types of detectors� L����� ���� and ���� for the detector radius of 
�
� Figure ���
shows the background levels for the three di�erent detector lengths� We cannot achieve ���� of ���
with any cut� if L���� and ���MeV�c� EKL

���GeV�c� or L����� and ��GeV�c� EKL
� Since the

��



gammas from high momentum KL is boosted more forward than those from low momentum KL� the
detected position of the gamma moves towards downstream and escape from the detector as the KL

momentum goes higher� This is why in Figure ���� the background level jumps up or vanishes at higher
EKL

�
Intuitively� the hit position of gamma scales with Lorentz factor� �� thus with EKL

� Therefore the
in uence on background level by the detector length depends approximately on L�PKL

� In Figure ����
we can see that the background level increases by a similar factor for PKL

���GeV�c and L������ and
PKL

���GeV�c and L����� which both have L�PKL
� ���MeV�c����

The acceptances after using a detector with a �nite length is shown in Table ����

KL momentum ��GeV�c

L Acceptance Acceptance
for signal for background

ideal model ���� ���� ���	

���� ���� ���� ���	

���� ���� ���� ����

KL momentum ���GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

���� ���� ���� ���	

KL momentum ���GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

Table ���� Acceptance for the signal and background using a �nite length detector in the simple case�
The upper on left� lower on left� and right tables show the acceptances for KL momentum of �GeV�c�
��GeV�c� and ��GeV�c� respectively� The detector was assumed to be made of �mmPb� �mmScint
calorimeter�

����� Realistic model

At the end� we simulated a realistic experiment by choosing a set of detector resolutions and a length�
As described above� the average hit position of gammas in Z is proportional to the KL energy� so

the detector length used in practice is tuned for L � PKL
� In this study� from Figure ���� we chose

L � PKL
���MeV�c as the detector length� �The detector length at �GeV�c� ��GeV�c� and ��GeV�c

corresponds ���� ����� and ���� for detector radius of 
�
� respectively�� We chose position resolution
of �X����� and the energy resolution of �E�E � ���

p
E�GeV ��

Figure ��� shows the background levels for the realistic model� The background level for the realistic
model is larger than that of ideal model by a factor three� With this condition� we must use KL

momentum of ��GeV�c or higher to satisfy our goal� At the KL momentum of ��GeV�c� the signal to
noise ratio is ��

The acceptances for the realistic model are shown in Table ����

����� Summary

We have studied the e�ect of �nite detector resolutions and length in the simple case where we only
measure the gamma
s energy and position�

Finite resolutions on gamma
s energy and hit position measurements smears the Pt distribution
�Fig� ����� Since the smearing causes the even pair backgrounds below the edge at the ���MeV�c in
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KL momentum ��GeV�c

case Acceptance Acceptance
for signal for background

ideal model ���� ���� ���	

realistic model ���� ���� ����

KL momentum ���GeV�c

case Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

realistic model ���� ���� ���	

KL momentum ���GeV�c

case Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

realistic model ����� ���� �����

Table ���� Acceptances for the signal and background for the ideal and a realistic model in simple case�
The realistic model uses a detector with L � PKL

���MeV�c� �X � ����� and �E�E � ���
p
E�GeV ��

The detector was assumed to be made of �mmPb� �mmScint calorimeter�

Pt to  ow into the region above the edge� it directly a�ects the background level� Smearing gamma
s
position with �X����� increases the background level by a factor ��� � ��� from the ideal model�
Smearing gamma
s energy with �E�E � ���

p
E�GeV � does not change the background level from the

ideal model�
With a �nite length detector� gammas of high momentumKL go out detector� so the background level

at high KL momentum is a�ected� Therefore to compare between di�erent KL momentum similarly� we
used a variable of L�PKL

� Using the detection length with L � PKL
���MeV�c increases the background

level by a factor ��� from the ideal model�
As shown in Figure ���� if we prepared a detector with the following speci�cations� we can achieve

our goal of measuring � with a ��� error while keeping the background level below �� ������

� KL momentum� PKL
� ��GeV�c

� position resolution� �X����� for a detector radius of 
�


� energy resolution� �E�E � ���
p
E�GeV ��

� Detector length� L � PKL
���MeV�c for a detector radius of 
�
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Figure ���� Pt distribution after smearing gamma
s hit position by �X���� in the simple case� KL

momenta are �GeV�c� ��GeV�c� and ��GeV�c from the top� The left row shows background and the
right row shows the signal� The detector was assumed to be made of �mmPb� �mmScint calorimeter�
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Figure ���� The background level after smearing gamma
s hit positions in the simple case is shown as a
function of PKL

� The detector was assumed to be made of �mmPb� �mmScint calorimeter�
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Figure ���� The background level after smearing gamma energies in the simple case is shown as a
function of PKL

� The detector was assumed to be made of �mmPb� �mmScint calorimeter�
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Figure ���� Pt distributions after using a �nite detector length of L����� in the simple case� KL

momentums are �GeV�c� ��GeV�c� and ��GeV�c from the top� The left row shows background and the
right row shows the signal� The detector was assumed to be made of �mmPb� �mmScint calorimeter�
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Figure ���� The background level after using �nite detector in the simple case is shown as a function of
PKL

� The detector was assumed to be made of �mmPb� �mmScint calorimeter�
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Figure ���� The background level for a detector with �nite resolutions and length is shown as a function
of PKL

� The used conditions are �X������ �E�E � ���
p
E�GeV �� and L�PKL

���MeV�c� The
detector was assumed to be made of �mmPb� �mmScint calorimeter�
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��� Case where Decay Vertex is known

In this section� we will consider the case where we know the decay vertex in addition to gamma
s energy
and hit position in the calorimeter� Here� we assumed that we measure the decay vertex position by
measuring the gamma
s direction� Therefore� we studied the e�ect of the resolutions of gammas direction
and energy� and the e�ect of having a �nite detector length�

����� Smearing Gamma	s direction

Here� we only smeared gamma
s direction� while keeping the resolution of position to zero� and the
detector length to in�nite�

In order to measure the direction of gammas� we assumed a detector made of thin slabs as shown in
Figure ���� In one of these slabs� the incident gamma converts into two electrons by a pair production�
By measuring the direction of these electrons track� we can measure the direction of the incident gamma�

�
e

e

+

-

�e

thin slab

. ....�

Figure ���� Schematic geometry for measuring the direction of gamma� We assumed to measure the
direction of gammas by converting gamma to two electrons and measuring the direction of the electron
track

The main contribution to the resolution of the direction of gamma is the multiple scattering of
electrons in the �rst slab� The R�M�S� of multiple scattering angle of an electron converted half way
into the slab� ��e� �Fig� ���� can be expressed as�

��e �� ��MeV�c

Pe

r
d

�
�����

where Pe is the momentum of electron in MeV�c and d is the thickness of the slab in radiation lengths�
Since the direction of gamma is an average of the direction of two electrons� the error on the gammas
direction� ��� � can be written as

��� �
�p
�
��e �����

�� ��MeV�c

�
E�
�

p
d �����

�
��MeV�c

E�

p
d �����

where E� is the energy of gamma in MeV� and we used the approximation of E�
�� �Pe�

For ��zenith angle� component of gammas direction� we smeared with following resolution�

�� �
b

E�

	 �����

��



where b is constant and corresponds to ��MeV�c�
p
d in Equation������

On the other hand� the polar angle of gamma� �� is measured by connecting the Z axis and the hit
position in the calorimeter� Therefore the resolution of � component is much smaller than � resolution
in general� We neglected � component and considered � components only�

Figure ��� shows the m�� distribution for signal events for b��� As shown in this �gure� by smearing
gamma
s direction� the mass peak of signal is also smeared� However� even if we used large b such as
b��� most of the signal events are within signal region�

Figure ���� shows the Pt distribution for background events for b��� Similarly with the simple
case� the edge at about ���MeV�c is smeared� a�ecting the signal region� This is the main reason why
background level increases with a �nite angular resolution for gamma�

Here� we studied two cases� b�� and �� These correspond to a slab thickness of ����� and ����
radiation lengths� respectively� Figure ���� shows the background level after smearing the direction of
gammas� As shown in this �gure� for KL momentum of �GeV�c � ��GeV�c� the background levels for
b�� and b�� are higher than the ideal model by a factor ��� � ��� and ��� � ���� respectively�

����� Smearing Gamma	s Energy

Here� we smeared only gamma
s energy� while keeping the resolution of gamma
s direction to zero� and
detector length to in�nite�

A �nite energy resolution a�ects the Pt distribution by smearing the edge at ��� MeV�c� and a�ects
the invariant mass of two gammas by smearing the peak at pion mass�

Figure ���� shows the background levels for two cases� a����� and ���� As shown in this �gure�
there is no di�erence between a����� and ideal model� but a���� increases the background levels by a
factor ���� times from the ideal model�

����� Finite Detector Length

Here� we assumed that the detector has a �nite length� instead of an in�nite length� The resolutions of
energy and direction of gamma are assumed to be perfect�

We used the two types of detectors� L����� and ����� Figure ���� shows the background levels for
the two di�erent detector lengths� If L����� we cannot achieve �������� with any cut for ���MeV�c
� PKL

� ��GeV�c and ��GeV�c� For L������ we can see that at high KL momentum the background
level jumps up� This is because most of gammas escape the detector�

The acceptances for a detector with a �nite length is shows in Table ����

����� Realistic model

At the end� we simulated a realistic experiment by choosing a set of detector resolutions and length�
From the same reason as in the simple case� we chose L � PKL

���MeV�c as detector length� We
chose direction resolution of �� � ��E and the energy resolution of �E�E � ���

p
E�GeV ��

Figure ���� shows the background levels for the realistic model� The background level for the realistic
model is ������� larger than that of ideal model� With this condition� we can achieve our goal if KL

momentum is greater than �GeV�c� If KL momentum is ��GeV�c� the number of signal events is ���
times greater than that of background events�

The acceptances for the realistic model are shows in Table ����
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KL momentum ����MeV�c

L Acceptance Acceptance
for signal for background

ideal model ���� ���� ����

���� ���� ���� ����

KL momentum ��GeV�c

L Acceptance Acceptance
for signal for background

ideal model ���� ���� ����

���� ���� ���� ����

KL momentum ��GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

��� ���� ���� ����

KL momentum ���GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

KL momentum ���GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

Table ���� Acceptance for signal and background using a �nite length detector in the case where vertex is
known� We used KL momentum of ���MeV�c� �GeV�c� �GeV�c� ��GeV�c� and ��GeV�c� respectively�
The detector was assumed to be made of �mmPb� �mmScint calorimeter�

KL momentum ��GeV�c

case Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

realistic model ����� ���� �����

KL momentum ���GeV�c

case Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

realistic model ����� ���� �����

KL momentum ���GeV�c

case Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

realistic model ����� ���� �����

Table ���� Acceptance for the signal and background for the ideal and realistic models in the case where
vertex is known� The realistic model uses a detector with L � PKL

���MeV�c� �� � ��E�MeV �� and
�E�E � ���

p
E�GeV �� We studied KL momentum of �GeV�c� ��GeV�c� and ��GeV�c� The detector

was assumed to be made of �mmPb� �mmScint calorimeter�

����� Summary

We have studied the e�ect of �nite detector resolutions and length in the case where we know decay
vertex in addition to the gamma
s energy and position�

Finite resolutions on gamma energy and direction measurements smears Pt and m�� distributions�
Smearing gammas direction with �� � ��E increases the background level by a factor ��� � ���

from the ideal model� Smearing gammas energy with �E�E � ���
p
E�GeV � dose not change the

background level from the ideal model� Using �nite detection length with L � PKL
���MeV�c dose not

change the background level from the ideal model�

��



As shown in Figure ����� if we prepared a detector with the following speci�cations� we can achieve
our goal of measuring � with a ��� error with S�N���

� KL momentum� PKL
��GeV�c

� gammas energy resolution� �E�E � ���
p
E�GeV ��

� gammas direction resolution� �� � ��E�MeV � �corresponding to using the thin slab of �����
radiation lengths�

� Detector length� L � PKL
���MeV�c for a detector radius of 
�
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Figure ���� Two gammas mass distribution after smearing gammas direction by b�� for KL � ����� in
the case vertex is known� KL momenta are ���MeV�c� �GeV�c� �GeV�c� ��GeV�c� and ��GeV�c� The
detector is assumed to be made of �mmPb� �mmScint calorimeter�
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Figure ����� Pt distribution after smearing gammas direction by b�� for KL � ���� in the case where
vertex is known� KL momenta are ���MeV�c� �GeV�c� �GeV�c� ��GeV�c� and ��GeV�c� The detector
is assumed to be made of �mmPb� �mmScint calorimeter�
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Figure ����� The background level after smearing gammas direction in case where vertex is known� The
detector was assumed to be made of �mmPb� �mmScint calorimeter� The background level for �GeV�c
on b�� does not exist� because �������� was not achieved with any cuts�
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Figure ����� The background level after smearing gammas energy in the case where vertex is known�
The detector was assumed to be made of �mmPb� �mmScint calorimeter�
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Figure ����� The background level after using �nite length detector in case where vertex is known� The
detector was assumed to be made of �mmPb� �mmScint calorimeter�
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Figure ����� The background level for a realistic model in the case where vertex is known� The conditions
are �E�E � ���

p
E�GeV �� �� � ��E�MeV �� and L�EKL

���MeV� The detector was assumed to be
made of �mmPb� �mmScint calorimeter�
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��� Case where EKL
is known

In this section� we will considered the case where we know the KL energy in addition to the gamma
s
energy and hit position in the calorimeter� Therefore we studied the e�ect of the resolutions of kaon
energy� gammas position and energy� and an e�ect of having a �nite detector length�

In the ideal case� since the peak of even pair background is monochromatic� we made a universal cut
on the missing mass �M�� � ��MeV�c��� and further we used 
missing mass VS� E�� 
 cut whose signal
region was optimized� However� with a realistic model� the missing mass for the even pair background is
smeared� so we uni�ed the both cuts� and simply cut on the missing mass VS�E�� � However� when we
only varied the detector length� missing mass peak was not smeared� so we use the cut on the missing
mass as in the simple case�

����� Smearing Kaons Energy

We only smeared the KL energy with a Gaussian� while the resolutions of gamma
s position and energy
were kept zero� and the detector length was still kept in�nite� Here we simply examined �EKL

�EKL
�

��� and ���
Figure ���� and ���� show the correlation between the missing mass and two gamma
s energy for

�EKL
�EKL

� ��� As shown in these �gures �especially ���MeV�c�� the optimized cut removes the
even pair background events in the region around M�

��
�� ������MeV�c����

Figure ���� shows these background levels after smearing KL energy� With �EKL
�EKL

� ��� there
is no di�erence from the ideal model� but with �EKL

�EKL
� ���� the background levels increases by

a factor ������� from the ideal model�

����� Smearing Gammas Energy

Here� we only smeared gamma
s energy with a Gaussian� while the resolutions of kaon energy and
gamma
s position were kept zero� and the detector length was still kept in�nite�

We studied two energy resolutions for gamma� a����� and ����Equation������� Figure ���� shows
the background levels after smearing gamma
s energy�

For a����� and ���� the background levels increase by a factor ���� and �������� respectively� This
factor is larger for lower KL momentum�

����� Smearing Gammas Position

Here� we only smeared gamma
s position with a Gaussian� while the resolutions of kaon energy and
gamma
s energy were kept zero� and the detector length was still kept in�nite�

We studied two energy resolutions for gamma� �X����� and ���� Figure ���� shows the background
levels after smearing gamma
s position�

For �X����� and ���� the background levels increase by a factor ���� and �������� respectively�

����� Finite Detector Length

Here� we assumed that the detector has a �nite length� instead of an in�nite length� The resolutions of
energies and position are assumed to be perfect�

We prepared two types of detectors� L����� ����� Figure ���� shows the background levels for two
di�erence detector lengths� The acceptances for di�erent detector lengths are shown in Table ����
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KL momentum ����MeV�c

L Acceptance Acceptance
for signal for background

ideal model ���� ���� ���	

���� ���� ���� ���	

��� ���� ���� ����

KL momentum ��GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

��� ���� ���� ����

KL momentum ��GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

��� ���� ���� ���	

KL momentum ���GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

KL momentum ���GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

Table ���� Acceptance for the signal and background using a �nite length detector in the case where
EKL

are known� The �mmPb��mmScint sampling calorimeter was used as the photon counter�

����� Realistic model

At the end� we simulated a realistic experiment by choosing a set of detector resolutions and a length�
For the reason explained in Section ������ we chose L � PKL

���MeV�c as the detector length� The
resolution of KL energy was chosen to be �EKL

�EKL
���� since BNL ��� is planing to measure EKL

with an error of a few percent� We chose a direction resolution of �X � ���� and the energy resolution
of �E�E � ���

p
E�GeV ��

Figure ���� shows the background levels for the realistic model� The background levels for a realistic
model is lager than those for the ideal model by a factor ������� With this condition� we can achieve
our goal even if KL momentum is greater than �GeV�c� This background level is almost the same as
the background in the case where decay vertex is known�

The acceptances for these realistic cases are shown in Table ����
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KL momentum ��GeV�c

L Acceptance Acceptance
of signal of background

ideal model ����� ���� �����

realistic model ����� ���� ���	

KL momentum ���GeV�c

L Acceptance Acceptance
of signal of background

ideal model ����� ���� �����

realistic model ����� ���� �����

KL momentum ���GeV�c

L Acceptance Acceptance
of signal of background

ideal model ����� ���� �����

realistic model ����� ���� �����

Table ���� Acceptance for the signal and background for the ideal and realistic models in the case where
KL energy are known� The realistic model uses a detector with L � PKL

���MeV�c� �EKL
�EKL

�
����� �X � ����� and �E�E � ���

p
�E�GeV �� The detector was assumed to be made of �mmPb�

�mmScint calorimeter�

����
 Summary

We have studied the e�ect of �nite detector resolutions and length in the case where we knowKL energy
in addition to the gamma
s energy and position�

Smearing the KL energy with �EKL
�EKL

���� increases the background level by a factor �������
from the ideal model� Smearing gamma
s energy with �E�E � ���

p
E�GeV � increases the background

level by a factor ���� from the ideal model� Smearing gamma
s position with �X � ���� increases the
background level by a factor ���� from the ideal model�

As shown in Figure ����� if we prepared a detector with the following speci�cations� we can achieve
our goal of measuring � with a ��� error with S�N���

� KL momentum� PKL
��GeV�c

� KL energy resolution� �EKL
�EKL

� ����

� gammas energy resolution� �E�E � ���
p
E�GeV ��

� gammas position resolution� �X � ���� for a detector radius of 
�
�

� Detector length� L � PKL
���MeV�c for a detector radius of 
�
�
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Figure ����� Missing mass VS� E�� for the KL momentum of ���MeV�c� �GeV�c� and �GeV�c in the
case where EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the photon counter�
We smeared the KL energy by �� in sigma� The left row shows the distribution for the background�
and the center row shows the distribution for the signal� The right row shows the signal region selected
by the method described in the text�
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Figure ����� Missing mass VS� E�� for the KL momentum of ��GeV�c� and ��GeV�c in the case where
EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the photon counter� We
smeared the KL energy by �� in sigma� The left row shows the distribution for the background� and
the center row shows the distribution for the signal� The right row shows the signal region selected by
the method described in the text�
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Figure ����� Background level after smearing the KL energy with �EKL
�EKL

� �� and ��� in the case
where EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the photon counter�
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Figure ����� Background level after smearing gammas energy with a��� and ��� in the case where
EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the photon counter� The
background level at ���MeV for a���� does not exist� because ���� can not reach ��� with any cut
region�
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Figure ����� Background level after smearing gammas position with �X����� and ��� in the case where
EKL

are known� The �mmPb��mmScint sampling calorimeter was used as the photon counter�
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Figure ����� Background level for a detector with a �nite length�L ���� and ����� in the case where
EKL

is known� The �mmPb��mmScint sampling calorimeter was used as the photon counter� The
background level at ��GeV�c and ��GeV�c in L���� are absent� because most of gammas escape the
detector�
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Figure ����� Background level for a realistic detector with a �nite length and �nite resolutions in
the case where KL energy are known� The conditions are �EKL

�EKL
���� a������ �X������ and

L�PKL
���MeV�c� The �mmPb��mmScint sampling calorimeter was used as the photon counter�
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��� Case where Vertex and EKL
are known

In this section� we will consider the case where we know decay vertex and KL energy in addition to the
gamma
s energy and hit position in the calorimeter� Therefore we studied the e�ect of the resolutions
of kaon energy� gammas direction and energy� and an e�ect of having a �nite detector length�

For the reason described in the previous section� we uni�ed the cut on missing mass and the cut on
missing mass VS� E�� � and simply cut on the missing mass VS� E�� besides two gammas mass� When
we varied the detector length only� we use the cut on the missing mass as in the simple case�

����� Smearing Kaon energy

Here� we only smeared the KL energy with a Gaussian� while the resolutions of gamma
s direction
and energy were kept zero� and the detector length was still kept in�nite� Here we simply examined
�EKL

�EKL
� ��� and ���

Figure ���� and ���� show the correlation between the missing mass and two gamma
s energy for
�EKL

�EKL
� ��� As shown in these �gures� the optimized cut removes the even pair background

events in the region aroundM�
��
�� ������MeV�c���� By smearing the KL energy� some events  ow into

M�
miss � � region�
Figure ���� shows the background levels after smearing KL energy� With �EKL

�EKL
� ��� there

is no di�erence from the ideal model� but with �EKL
�EKL

� ���� the background levels increase by a
factor �������� from the ideal model�

����� Smearing the Gamma	s energy

Here� we only smeared gamma
s energy with a Gaussian� while the resolutions of kaon energy and
gamma
s direction were kept zero� and the detector length was still kept in�nite�

We studied two energy resolutions for gamma� a����� and ����Equation������� Figure ���� shows
the background levels after smearing gamma
s energy�

For a����� and ���� the background levels increase by a factor ������� and ������ respectively�
This factor is larger for lower KL momentum�

����� Smearing Gamma	s direction

Here� we only smeared gamma
s direction� while keeping the resolutions of KL energy� gamma
s energy
were to zero� and the detector length to in�nite�

We studied two case for gamma
s direction� b�� and �� Figure ���� shows the background level after
smearing gamma
s direction� For b�� and �� the background levels increase by a factor ������� and
�������� respectively� from the ideal model�

����� Finite Detector Length

Here� we assumed that the detector has a �nite length� instead of an in�nite length� The resolutions of
energies and direction are assumed to be perfect�

We prepared three types of detectors� L���� ���� ����� Figure ���� shows the background levels for
three di�erence detector lengths� As shown in this �gure� the in uence of the detector length is smaller
than in the simple case� This is because 
Missing mass VS� E�� Cut
 suppresses the background caused
by shortening detector length�

The acceptances for di�erent detector lengths are shown in Table ����
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KL momentum ����MeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

��� ����� ���� �����

�� ����� ���� �����

KL momentum ��GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

��� ����� ���� �����

�� ����� ���� �����

KL momentum ��GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

��� ����� ���� �����

�� ����� ���� �����

KL momentum ���GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

��� ����� ���� �����

�� ����� ���� ���	

KL momentum ���GeV�c

L Acceptance Acceptance
for signal for background

ideal model ����� ���� �����

���� ����� ���� �����

Table ���� Acceptance for the signal and background using a �nite length detector in the case where
vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter was used as the photon
counter�

����� Realistic model

At the end� we simulated a realistic experiment by choosing a set of detector resolutions and a length�
For the reason explained in Section ������ we chose L � PKL

���MeV�c as the detector length� We
chose a KL energy resolution of �EKL

�EKL
� ��� a direction resolution of �� � ��E�MeV �� and the

energy resolution of �E�E � ���
p
E�GeV ��

Figure ���� shows the background levels for the realistic model� The background levels for a realistic
model is lager than those for the ideal model by a factor ��������� With this condition� we can achieve
our goal even with lowKL momentum of ���MeV�c� The S�N ratio at this momentum is ���� For higher
KL momentum� we do not need background level as low as � O�������� Therefore we can measure
� with a better accuracy by loosening the cut region to collect more signal events� while allowing the
background level to increase�

The acceptances for these realistic cases are shown in Table ����

����
 Summary

We have studied the e�ect of �nite detector resolutions and length in the case where we know the decay
vertex and KL energy in addition to the gamma
s energy and position�

Smearing theKL energy with �EKL
�EKL

���� increases the background level by a factor ��� � ����
from the ideal model� Smearing gamma
s energy with �E�E � ���

p
E�GeV � increases the background

��



KL momentum ����MeV�c

L Acceptance Acceptance
of signal of background

ideal model ����� ���� �����

realistic model ����� ���� �����

KL momentum ��GeV�c

L Acceptance Acceptance
of signal of background

ideal model ����� ���� �����

realistic model ����� ���� �����

KL momentum ��GeV�c

L Acceptance Acceptance
of signal of background

ideal model ����� ���� �����

realistic model ����� ���� �����

KL momentum ���GeV�c

L Acceptance Acceptance
of signal of background

ideal model ����� ���� �����

realistic model ����� ���� �����

KL momentum ���GeV�c

L Acceptance Acceptance
of signal of background

ideal model ����� ���� �����

realistic model ����� ���� �����

Table ���� Acceptance for the signal and background for the ideal and realistic models in the case
where vertex and KL energy are known� The realistic model uses a detector with L � PKL

���MeV�c�
�EKL

�EKL
� ����� �� � ��E�MeV �� and �E�E � ���

p
�E�GeV �� We studied KL momentum

of ���MeV�c� �GeV�c� �GeV�c� ��GeV�c� and ��GeV�c� The detector was assumed to be made of
�mmPb� �mmScint calorimeter�

level by a factor ��� � ��� from the ideal model� Smearing gamma
s direction with �� � ��E�MeV �
increases the background level by a factor ��� � ��� from the ideal model�

As shown in Figure ����� if we prepared a detector with the following speci�cations� we can achieve
our goal of measuring � with a ��� error and S�N � �

� KL momentum� PKL
����MeV�c

� KL energy resolution� �EKL
�EKL

�����

� gammas energy resolution� �E�E � ���
p
E�GeV �

� gammas direction resolution� �� � ��E�MeV � �corresponding to using the thin slabs of �����
radiation lengths each�

� Detector length
 L � PKL
���MeV�c for a detector radius of 
�
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Figure ����� Missing mass VS� E�� for the KL momentum of ���MeV�c� �GeV�c� and �GeV�c in the
case where vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter was used as the
photon counter� We smeared the KL energy by �� in sigma� The left row shows the distribution for the
background� and the center row shows the distribution for the signal� The right row shows the signal
region selected by the method described in the text�
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Figure ����� Missing mass VS� E�� for the KL momentum of ��GeV�c� and ��GeV�c in the case where
vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter was used as the photon
counter� We smeared the KL energy by �� in sigma� The left row shows the distribution for the
background� and the center row shows the distribution for the signal� The right row shows the signal
region selected by the method described in the text�
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Figure ����� Background level after smearing the KL energy with �EKL
�EKL

� �� and ��� in the
case where vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter was used as the
photon counter�
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Figure ����� Background level after smearing gammas energy with a��� and ��� in the case where
vertex and EKL

are known� The �mmPb��mmScint sampling calorimeter was used as the photon
counter� The background level at ���MeV for a���� does not exist� because ���� can not reach ���
with any cut region�
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Figure ����� Background level after smearing gammas direction with b�� and � in the case where vertex
and EKL

are known� The �mmPb��mmScint sampling calorimeter was used as the photon counter�
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Figure ����� Background level for a detector with a �nite length in the case where vertex and EKL
are

known� The �mmPb��mmScint sampling calorimeter was used as the photon counter� The background
level at ��GeV in L��� and L���� are absent� because most of gammas escape the detector�
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Figure ����� Background level for a realistic detector with a �nite length and �nite resolutions in the
case where vertex and KL energy are known� The conditions are �EKL

�EKL
���� a������ b��� and

L�PKL
���MeV� The �mmPb��mmScint sampling calorimeter was used as the photon counter�
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Chapter �

Discussion

��� Examination of Experiments

In this section� based on our results we will examine the main experiments which are being planned
currently�

����� BNL

Brookhaven National Laboratory �BNL� KOPIO experiment��� is proposing to measure KL energy and
decay vertex by measuring the time of  ight �TOF� of KL and the direction of gamma� In order to
measure the KL momentum by TOF� they plan to use a KL beam with a low momentum around ���
MeV�c�

As shown in Fig� ����� at ���MeV�c� the background level is about � � ������ However� BNL is
proposing to use Pb�Scinti sampling calorimeter as calorimeter� but it is very di�cult to achieve a
gammas energy resolution of �E�E � ���

p
E�GeV �� If we assume the energy resolution of �E�E �

����
p
E�GeV � for Pb�Scinti detector� Fig� ���� shows that the background level increases by a factor

����� from the ideal model� Therefore the background level with Pb�Scinti detector is expected to be
about �� ������ which means� S�N is ���� Therefore� it is very di�cult to measure � with a ��� error�
In order to measure KL � ����� in this KL energy� they probably have to use a better calorimeter such
as CsI�

����� KAMI

KAMI �Kaons At the Main Injector� experiment ��� is planning to use high momentum KL beam with
typical momentum of �� GeV�c� They are planing to measure only gamma
s energy and position�

As shown in Fig� ���� at ��GeV�c� the background level is about ���� ������ that is� S�N is about
���� However� KAMI is proposing to use CsI as a calorimeter� and CsI has better detection ine�ciency
than Pb�Scint sampling calorimeter� Therefore we expect the that the S�N ratio in KAMI is less than
�� If KAMI also measures the direction of gammas� the background level reduces to about ��������� as
shown in Figure ���� where S�N ratio is about �� Since KAMI use CsI as a calorimeter� the background
level and S�N should be even less� This would allow them to make a clean measurement of the branching
ratio of KL � ������
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����� E���

E������ is planing to use � GeVKL beam� and surround the decay region with a hermetic veto� They are
planning to measure only gamma
s energy and position� At JHF �Japan Hadron Facility�� the number
of total KL decays is ���� �����

As shown in Fig� ����� at �GeV�c� ���� � ��� can not be reached with any signal region� However�
in our study� the number of total KL decays is ��� � ����� ���� of JHF
s yield� In addition� E��� is
proposing to use CsI� They also plan to use �MeV threshold instead of ��MeV in our study� for photon
veto� Therefore they should have a lower background level than our result�

��� Suggestions

In our study� 
the realistic model
 are still far from reality mainly in following points�
At �rst� in our model� all the area of photon counter can measure the energy and position of gamma�

However� it is not realistic because of its high cost� so we should instrument a part of the detector as a
calorimeter� and use the rest of the part as a photon veto�

Next� we assumed that the beam size is in�nitely small� The beam size is sensitive to Pt distribution
in simple case� so we should estimate the e�ect of the �nite beam size�

In this study� we considered only background from KL � ����� However there are many other
backgrounds� and it is probable that the signal region in our study is not optimum for rejecting other
backgrounds� Moreover� the backgrounds originated from target�ex� �� multi �s� etc�� may raise the
background level at high KL momentum�

In order to design the experiment to measure the branching ratio of KL � ������ we suggest to
study above subjects�
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Chapter �

Conclusion

By using Monte Carlo simulation� we studied the conditions necessary for measuring the branching ratio
of KL � ����� while suppressing major background from KL � ����� In this study� we assumed that
KL
s decay at the same point� which was surrounded by a cylindrical photon counter� The length of
this detector was assumed to be in�nite in the upstream direction and PKL

���MeV�c times the detector
radius in the downstream direction� where PKL

is the KL momentum� This detector length was chosen
to keep the e�ect of �nite detector length small� The photon counter was assumed to have the energy
resolution of �E�E � ���

p
E�GeV � and position resolution of �X����� for a detector radius of 
�
�

The detection ine�ciency was assumed to be the same as �mmPb��mmScintillator calorimeter�
Using this detector� in order to measure � to ��� of itself and to keep the background level below

�� ����� with ���� ���� KL decays� the incident KL momentum needs to satisfy at least the following
conditions�

� If we only measure gammas energy and position�
PKL

� ��GeV�c�

� If we know the decay vertex in addition to gammas energy and position
�here we assumed that we obtain the decay vertex position by measuring gammas direction with
a resolution �� � ��E�MeV ���

PKL
��GeV�c�

� If we know KL energy��EKL
�EKL

� ����� in addition to gammas energy and position
PKL

��GeV�c�
� If we know KL energy and decay vertex with the resolutions described above� in addition to
gammas energy and position�

PKL
����MeV�c�
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Addendum I

CsI Photon Counter

In this addendum� we will use the CsI as the photon counter instead of lead�scintillator� and study how
much the background level would be improved compared to using lead�scintillator�

I�� Ine
ciency of CsI photon counter

In this section� we will describe the detection ine�ciency of the photon counter made of CsI�
The ine�ciency of CsI photon counter due to photo	nuclear interaction was also studied by ES���

experiment ����� In this experiment� they used stacked nine CsI blocks to make the total volume
of ��cm� ��cm� ��cm which corresponds to �� radiation length and � moliere radius� The energy
threshold was set to ��MeV� Figure I�� shows the ine�ciency of CsI photon counter due to photo	
nuclear interaction measured by ES����

Since CsI photon counter is a fully active calorimeter� the ine�ciency due to sampling e�ect does not
exist� and since this photon counter is �� radiation lengths long� the ine�ciency due to punch through
is negligible� Therefore Figure I�� shows the total photon detection ine�ciency of CsI photon counter�

Figure I��� Photon detection ine�ciency for CsI photon counter as a function of gamma
s energy�
measured by ES��� ����� The cross correspond to the data� and the solid line is the ine�ciency which
KAMI experiment required in EOI�

The ine�ciencies due to photo	nuclear interaction are almost similar between CsI and lead�scintillator�

��



However since CsI photon counter does not have the sampling e�ect� total ine�ciency of CsI is lower
than lead�scintillator for gammas below ��MeV�

I�� Detector parameters

In this and next section� by using CsI photon counter described in the previous section� we will study
the background levels for the four cases
 the simple case� the case where vertex is known� the case
where EKL

is known� and the case where both vertex and EKL
are known� The methods for rejecting

background events are the same as in Chapter� and Chapter�� The detector performances are kept the
same as in Chapter� except for the ine�ciency� as shown in the following table�

Simple case Case where vertex Case where EKL
Case where EKL

is known is known and vertex are known

KL energy �� ��
resolution��EKL

�EKL
�

gamma
s energy ���
p
E�GeV � ���

p
E�GeV � ���

p
E�GeV � ���

p
E�GeV �

resolution��E�E�
gamma
s position ���� ����
resolution��X�
gamma
s direction ��E�MeV � ��E�MeV �
resolution����
detector length�L� PKL

���MeV�c PKL
���MeV�c PKL

���MeV�c PKL
���MeV�c

Where the position resolution and detector length are scaled for a detector radius of 
�
�

I�� Background Level

Figures I��� I��� I��� and I�� show the background levels using CsI photon counter for the simple case�
the case where vertex is known� the case where KL energy is known� and the case where vertex and KL

energy are known� respectively�
As shown in these �gures� the background levels using CsI are generally lower than that using

lead�scint� and this di�erence is lager for lower KL momentum� This is because the di�erence of photon
detection ine�ciency between CsI and lead�scint is larger for lower energy gamma�Fig ���� and I����
since CsI photon counter does not have a sampling e�ect�

I�� Discussion

In a real experiment� we will most likely use CsI for only part of the detector� so the background level
would be somewhere between the background levels for CsI and lead�scintillator�

As shown in Fig�I��� at ��GeV�c which is the mean EKL
for KAMI� the background level is 	

���� ����� for lead�Scint and 	 ���� ����� for CsI� Therefore if KAMI measures only gammas energy
and position� the background level is between ���� ����� and ���� ������ This corresponds to S�N of
about ��� � ���� If KAMI measures the decay vertex in addition to gammas energy and position� even
with lead�scintillator calorimeter the S�N is high enough to detect KL � ������ as shown in Fig�I���

If BNL experiment uses CsI for a part of photon counter� the background level will be reduced to
� � ����� � � � ������ that is� S�N of ��������See Fig�I�� at ���MeV�c� This is enough to detect
KL � ������
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Figure I��� The background level for a realistic model in the simple case is shown� The solid line and
the dashed line show the background level using CsI photon counter and �mmPb��mmScint sampling
detector� respectively�
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Figure I��� The background level for a realistic model in the case where vertex is known is shown� The
solid line and the dashed line show the background level using CsI photon counter and �mmPb��mmScint
sampling detector� respectively�
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Figure I��� The background level for a realistic model in the case where KL energy is known is
shown� The solid line and the dashed line show the background level using CsI photon counter and
�mmPb��mmScint sampling detector� respectively�
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Figure I��� The background level for a realistic model in the case where vertex andKL energy are known
is shown� The solid line and the dashed line show the background level using CsI photon counter and
�mmPb��mmScint sampling detector� respectively�
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Addendum II

Reconstructed Decay Vertex

Position

In the simple case and the case where EKL
is known� we reconstructed the vertex position assuming

that two gammas originated from one pion� However� the reconstructed vertex position is not correct for
odd pair background events� Therefore in this chapter we will study the property of the reconstructed
decay position�

Figure II�� shows the distribution of the reconstructed vertex position of KL � ���� before cuts�
The detector condition is the same as in the realistic model described in Section ������ that is �E�E �
���

p
E�GeV �� �X � ����� and L � PKL

���MeV�c�
In this study� we assumed that all KL decayed at Z��� Therefore� in Fig� II��� the peak at Z��

shows the even pair background and other events are due to odd pair background� because two detected
gammas of odd pair�even pair� background originated from di�erent�same� pions and we calculated
vertex position assuming that two gammas came from the same pion�

As shown in Fig� II��� most of the odd pair background events are reconstructed upstream� We do
not know this reason in detail� However� this is related to the property where events reconstructed
upstream have higher two gammas energy�E���� For higher E��� since the energy of missing gammas
is low� the possibility of becoming a background is higher� so in result� the distribution increased for
upstream Z�

The distribution drops sharply at some Z�for example� this edge is Z � ��� for KL momentum of
��GeV�c�� The edge is caused by a kinematic limit where the EKL

is shared by two observed gammas�
In the real experiment� since theKL decay position spreads over decay region and we do not know the

true vertex position� we cannot use the reconstructed position for cutting background events� However
by shortening the distance between the upstream edge of decay region and the downstream edge of
detector� we can reject the odd pair background events which are reconstructed far upstream than true
vertex� For example� if we choose this distance of ��� we can reject the odd pair background below
Z � ��� as shown in Fig�II���
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Figure II��� Distribution of reconstructed vertex position before cuts for a detector with �nite resolutions
and length� The real vertex position is zero�
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Addendum III

E�ect of the realistic KL momentum

In the previous chapters� we assumed that incident momentum of KL is monochromatic� but in reality�
KL momentum has a �nite width� Therefore we studied the e�ect caused by the spread ofKL momentum
for the simple case and the case where vertex is known� and further we examined whether we can use
the 
E�� VS�Mmiss cut
 for the these cases�

III�� KL momentum distribution

In this study� as the distribution of incident KL momentum�PKL
�� we referred to the result in KAMI

beam test� This beam test was performed by KTeV with a ���GeV proton beam during Jan� and Feb�
of ����� Figure III�� shows the distribution of incident KL momentum which was obtained by using the
KL � �
�����

We �tted this distribution with a Gaussian whose standard deviation depended on KL momentum
with a linearity�

f�PKL
� � exp

	 ��PKL
� a��

��b� c� PKL
��



� �III���

The �tted result is
a � �����MeV	 b � ����MeV	 c � ������ � �III���

To make PKL
distributions for di�erent momentum ranges� we simply scaled the Equation�III���

with the momentum at the peak of the distribution� Ppeak � as shown in

f�PKL
� � exp

�
��PKL

� Ppeak�
�

��b
Ppeak
a

� c� PKL
��

�
� �III���

We generated the events with Equation�III��� for Ppeak of ���MeV�c� �GeV�c� �GeV�c� ��GeV�c�
and ��GeV�c�

III�� E�ect of the realistic KL momentum

In this section� we studied the e�ect caused by the realistic KL momentum spectrum for the simple case
and the case where vertex is known�

The detector condition is the same as the realistic model used in section ����� and ������ For the
simple case� �E�E � ���

p
E�GeV �� �X � ����� and L � Ppeak���MeV�c� For the case where vertex

is known� �E�E � ���
p
E�GeV �� �� � ��E�MeV �� and L � Ppeak���MeV�c�
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Figure III��� The KL momentum�GeV�c� distribution� measured in KAMI beam test� The dots and
histogram correspond to the data and MC� respectively�

Figure III�� and III�� show the background level for simple case and the case where vertex is known�
respectively� As shown in these �gures� the e�ect caused by the spread of KL momentum is small for the
simple case� because the transverse momentum distribution is not a�ected by theKL momentum� and for
the case where vertex is known� the background level is not also a�ected by the realistic KL momentum
except for ��GeV�c� The increase at ��MeV�c is due to a step in photon detection ine�ciency curve�

III�� E�� VS� Mmiss Cut

In this section� we examined whether we can use the 
E�� VS� Mmiss cut
 for the simple case and the
case where vertex known� In these cases� we do not know the KL energy event by event� Therefore�
in order to calculate the Mmiss� we assumed the peak of KL momentum distribution�Ppeak� as KL

momentum�
Figure III�� shows the E�� VS�Mmiss using realistic EKL

distribution for the simple case� Compared
to the E�� VS�Mmiss using monochromaticKL energy�Figure ����� ������ this distribution spreads into
negative M�

miss area in both high E�� and low E�� regions� The negative M�
miss in high�low� E�� are

caused by events whose KL momentum is larger�smaller� than Ppeak �
Figure III�� shows the background level for the simple case� Using the E�� VS� Mmiss cut instead

of Pt cut lowers the background level by ������� times than Pt cut�
Figure III�� shows the background level for the case where vertex is known� The E�� VS� Mmiss cut

in addition to M�� cut lowers the background level up to ��� times than M�� cut only� The cut also
allows us to measure the � with error of ��� at �GeV�c�

Since E�� VS� Mmiss distribution for background events is very sensitive to photon counter inef	
�ciency� we need to know the property of photon counter well to use this cut� However� if we know
this property well� this E�� VS� Mmiss cut is e�ective for the simple case and the case where vertex is
known�

The acceptances after these cuts are shown in Table III���
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Simple case

Momentum of Acceptance Acceptance of signal Acceptance of signal Acceptance
KL �GeV� of signal �M�

miss � m�
��
� �M�

miss � m�
��
� of background

� ���� ���� ���� ���� ����

�� ����� ����� ����� ���� ���	

�� ����� ����� ����� ���� �����

Case where vertex is known

Momentum of Acceptance Acceptance of signal Acceptance of signal Acceptance
KL �GeV� of signal �M�

miss � m�
��� �M�

miss � m�
��� of background

� ���� ���� ���� ���� ����

� ����� ����� ����� ���� �����

�� ����� ����� ����� ���� �����

�� ����� ����� ����� ���� �����

Table III��� Acceptance for the simple case and the case where vertex is known with a realistic KL

momentum� For the simple case� E�� VS� Mmiss cut is used to rejected backgrounds� and for the case
where vertex is known� M�� cut and E�� VS� Mmiss cut are used� The �mmPb��mmScint calorimeter
was used as photon counter�

�
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Figure III��� The background level as a function of the peak KL momentum�Ppeak� for the simple case�
The solid line and dashed line show the case where realistic KL momentum and a monochromatic KL

momentum are used� respectively�
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Figure III��� The background level as a function of the peak KL momentum�Ppeak� for the case where
vertex is known� The solid line and dashed line show the case where the realistic KL momentum and a
monochromatic KL momentum are used� respectively�
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Figure III��� Mmiss VS� E�� for Ppeak of �GeV�c� ��GeV�c� and ��GeV�c in the simple case� The
EKL

which is necessary to calculate Mmiss is assumed to be the KL momentum at the peak of the
distribution� The �mmPb��mmScint sampling calorimeter was used as the photon counter� The left
row shows the distribution for the background� and the center row shows the distribution for the signal�
The right row shows the signal region selected by the method described in Section������

��



Background Level(Realistic PK)

10
-13

10
-12

10
-11

10
-10

10
3

10
4

10
5

not using E�� VS. Mmiss cut(lead/scint)

use E�� VS. Mmiss cut(CsI)
use E�� VS. Mmiss cut(lead/scint)

Signal B.R.

Ppeak     (MeV/c)

ba
ck

gr
ou

n
d 

le
ve

l

Figure III��� The background level as a function of Ppeak for the simple case� The dotted line shows the
case where transverse momentum cut is used and the lead�scint is used as detector� The solid line and
dashed line show the cases where EKL

VS� Mmiss cut is used instead of transverse momentum cut� and
for solid line the lead�scint is used as detector and for dashed line the CsI is used as detector�
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Figure III��� The background level as a function of Ppeak for the case where vertex is known� The dotted
line shows the case where only M�� cut is used and the lead�scint is used as detector� The solid line
and dashed line show the cases where EKL

VS� Mmiss cut is used in addition to M�� cut� and for solid
line the lead�scint is used as detector and for dashed line the CsI is used as detector�
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Addendum IV

Threshold of Photon Counter

The background level is very sensitive to photon detection ine�ciency� and this ine�ciency depends
largely on the threshold of the photon counter� Therefore� in this addendum� we studied the e�ect of
the threshold of photon counter by changing the threshold from ��MeV to lower values�

IV�� Ine
ciency of Photon Counter

Here� we used the �mmPb��mmScintillator calorimeter as the photon counter� and we studied the
threshold of �MeV and �MeV� The ine�ciency was estimated by the same method as in Chapter��
that is� we used the ES��� experiments result for photo	nuclear interaction and used EGS simulation
for sampling e�ect and punch through� Figure IV�� shows the photon detection ine�ciencies using the
threshold of �MeV and �MeV� As shown in this �gure� the ine�ciencies are reduced in all gamma
s
energy region�

IV�� Background Level

By using the photon detection ine�ciency described above section� we estimated the background level
for the simple case� Figure IV�� shows the background levels using the threshold of �MeV� �MeV� and
��MeV� As shown in this �gure� by using the threshold of �MeV and �MeV� the background levels are
reduced by a factor ������� and �������� compared to the threshold of ��MeV� respectively� and this
factor is lager for lower KL momentum�

IV�� Conclusion

As shown in Figure IV��� by lowering the threshold� the background level was reduced signi�cantly� and
the technique of reducing the threshold seems to be easier than other techniques described in previous
chapters� that is� the measurement of the vertex position� gammas direction� and KL momentum�
Therefore� we suggest that at �rst we should try to lower the photon counter threshold�
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Figure IV��� Total detection ine�ciency as a function of the photon energy for �mmPb��mmScint
sampling calorimeters� The upper�lower� �gure shows the ine�ciency whose threshold is �MeV��MeV��
The dashed line and dotted line show the ine�ciency due to the photo	nuclear interaction and the sum
of sampling e�ect and punch through� respectively� Above �GeV� the ine�ciency required by KAMI is
used�
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Figure IV��� The background level as a function of KL momentum for simple case� The solid line
shows the ine�ciency using threshold of ��MeV� which was used in previous chapters� The dashed and
dotted lines show the background levels using the threshold of �MeV and �MeV� respectively� The �mm
Pb��mm Scint detector is used as photon counter�
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Appendix A

Contribution of Punch Through

When gammas deposit the energy in lead�scintillator sampling calorimeter� a peak exists at �MeV in
the distribution of deposit energy in scintillator �Fig� ���� ���� and ������ The probability of this peak
is about � � ���� and ��� � ���� for incident gammas energy of �� MeV and ���MeV in �mmPb�
�mmScint detector� respectively� and this probability is reduced as gammas incident energy gets higher�
In this appendix� we will explain about this peak�

This peak comes from two sources� First source is a backward scattering of the incident photon in
the �rst lead layer� This e�ect contributes about ��� of the peak for photon energy of ��MeV� but
O������ for ���MeV� This is a reasonable result because photon which have higher energy can not go
back at the �rst lead� Another source is punch through� and this is actually more dominant�

The total probability for photon interaction in matter is described by a cross section� The cross
section��� is shown in Fig� A�� ���� for lead� If we now multiply � by the density of atoms� N � we then
obtain the probability per unit length for an interaction�

� � N� � ��Na
�A� �A���

with Na� Avogadro
s Number
 
�density of the material
 A� molecular weight� The fraction of photons
surviving a distance x is then

I�Io � exp���x�	 �A���

where Io is the incident intensity�
For �mmPb� �mmScinti detector� since its length is ���� radiation lengths� we assumed x�����cm�

For example� for ��MeV photon� � is �� ����cm��atom��� and I�I� is �� ���� at the downstream end
of our detector� For ���MeV photon energy� � is �� ���cm��atom��� and the I�I� is � � ����� From
Figure ���� for ��MeV photon� the peak hight at �MeV is � � ������bin����MeV�� and for ���MeV
photon� the peak hight is ���� ����� These number agree within a factor ������

We should note that the well known equation for a fraction of photons surviving a radiation length
L�

I�Io � exp���

�
L� �� exp������L� �A���

is an approximation at high energy and it is not correct in the low energy such as ��MeV and ���MeV�
For example� for ��MeV photon� if we use this equation� I�Io � ��� � ���� at the downstream end
of our detector� but Figure ��� shows the I�Io � � � ����� and the di�erence is about factor of ����
Therefore we should not use this expression in these energy�

Actually� for high energy������GeV� photon� � is �� ���cm��atom��� which gives

I�Io � exp������x� �� exp������L�	 �A���
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consistent with Equation�A���� The di�erence of � between ��MeV and ���GeV is only a factor �� but
in here we consider exponential� so this value is not small� In result� low energy photons pass through
more material than high energy photons�

In Fig� ���� which shows the photon detection ine�ciency due to electro	magnetic interaction� the
ine�ciency at energy greater than ��MeV is actually dominated by punch through e�ect� However� in
this energy region� the e�ect of photo	nuclear interaction is more dominant by a factor � �� than the
punch through e�ect�

Figure A��� Total photon absorption cross section for lead
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Appendix B

Step in Pt distribution

In this appendix� we will explain the step at about ���MeV�c in the Pt distribution�KL momentum of
��GeV�c in Fig� ���� and �����

This step comes from the step in the photon detection ine�ciency we used �Fig� ������ and cased by
the even pair background�

If we assume the even pair background where two detected gammas come from the same pion� the
transverse momentum� Pt� and the energy of missing two gammas� Emiss�� �or missing pion energy��
are expressed as�

Pt � sin �

s	
MKL

�


�

�M�
��

�B���

Emiss�� �
EKL

�
� PZKL

MKL

cos �

s	
MKL

�


�

�M�
��

�B���

where MKL
and M�� are the masses of KL and ��� EKL

is the energy of KL� PZKL
and � are Z

component of KL momentum and angle between the directions of incident KL and pion� The above
equations represent a part of an eclipse with � parameter in the Pt	Emiss�� plane� as shown in Fig� B���b��

Therefore� Pt and Emiss�� are constrained on this line�
As described in Appendix D� the even pair background prefers to have one high energy missing

gamma and one low energy missing gamma� Thus we can approximate the higher gamma
s energy with
the missing pion energy�Emiss����

Therefore� the big step at �GeV in the photon detection ine�ciency we used�Figure ����� corre	
sponds to the �GeV in the vertical axis in Figure B���b� and this energy corresponds to the transverse
momentum of ���MeV�c� This is in good agreement with the step in Pt distribution�Fig B���a���

On the other hand� the step in the ine�ciency curve for low energy photon does not produce a step
in the Pt distribution� because there is no good correlation between the lower energy of missing gammas
and missing pion energy�Emiss����
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Figure B��� �a�transverse momentum for KL momentum of ��GeV�c in �mmPb��mmScint detector�
�b�Relation between Pt and energy of two missing gammas�Emiss�� for even pair background�
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Appendix C

Error on �

In this appendix� we will explain how we derived the error on �������� Equation������ in detail�
As described in Introduction� the branching ratio of the signal� BRsig � is proportional to �

� �Equa	
tion�������� Therefore the error on � is expressed as�

��

�
�

�

�
� �BRsig

BRsig

� �C���

The BRsig is de�ned as�

BRsig 
 Nsig�Asig

Nnorm��AnormBRnorm�
	 �C���

where Nsig and Nnorm are the observed numbers for signal and normalization mode events� and Asig

and Anorm are the acceptances for signal and normalization mode event� and BRnorm is the branching
ratio of normalization mode event�

In this case� since the errors on Nnorm and Asig�Anorm are very small as compared to error on Nsig

��Nsig�Nsig � �Nnorm�Nnorm	��Asig�Anorm���Asig�Anorm��� the error on signal branching ratio
can be written as�

�BRsig

BRsig

�
�Nsig

Nsig

� �C���

Using the total observed number of decays�Ndecay� and the estimated number of background events�Nbkg��
Nsig is expressed as�

Nsig � Ndecay �Nbkg � �C���

Assuming that the number of background events is known well from other studies�

�Nsig � �Ndecay� �C���

From �C��� and �C����

�BRsig

BRsig

�
�Ndecay

Nsig

�C���

�

q
Ndecay

Nsig

�C���
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where we only considered a statistics error� �N �
p
N �

Using the total number of decays�Ndecay�� BRsig � and background branching ratio�BRbkg�� Nsig

and Nbkg are written as�

Nsig � Ndecay �BRsig �Asig	 �C���

Nbkg � Ndecay �BRbkg �Abkg� �C���

Then Ndecay is

Ndecay � Nsig �Nbkg �C����

� Ndecay � �BRsig �Asig �BRbkg �Abkg�� �C����

Substituting these Nsig and Ndecay for Equation�C����

�BRsig

BRsig

�

p
BRsig �Asig � BRbkg �Abkgp

Ndecay �BRsig �Asig

� �C����

Using Equations�C��� and �C����� we get

��

�
�

p
BRsig �Asig �BRbkg �Abkg

��pNdecay �BRsig �Asig

� �C����

In this thesis� we used BRbkg � BR�KL � ����� � ���������� BRsig � BR�KL � ������ � ��������
and Ndecay � ���� ���� as described in Chapter �� The acceptances �Asig and Abkg� depend on the cut
region�
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Appendix D

Dominant of Odd Pair Background

In this appendix� we will explain why the background events are dominated by the odd pair background�
as shown in Fig� ��� and Fig� ��� etc��

The two gammas missed in even pair background come from one pion� Therefore the sum of these
missing gamma
s energy is equal to the energies of pion�

E�� �E�� � E�� �D���

where E�� and E�� are the energy of two missing gammas� and E�� is the energy of the parent pion in
the lab frame� The energy of pion� E�� � is expressed as�

E�� �
EKL

MKL

�
�MKL

�
�

s	
MKL

�


�

�M�
��

PZKL

EKL

cos �

�
A �D���

whereMKL
andM�� are the mass of KL and ��� EKL

� PZKL
� and � are the energy of KL� Z component

of KL momentum� and the angle between the directions of incident KL and pion� respectively� As shown
this equation at cos � � ��� E�� becomes the minimum energy� E��min�

E��min �
EKL

MKL

�
�MKL

�
�
s	

MKL

�


�

�M�
��

PZKL

EKL

�
A �D���

From �D��� and �D���� we get a constraint on two missing gammas�

E�� �E�� � EKL

MKL

�
�MKL

�
�
s	

MKL

�


�

�M�
��

PZKL

EKL

�
A �D���

Using the actual values in Equation�D���� we get

E�� �E�� � �����MeV for PZKL
� ���MeV�c �D���

E�� �E�� � ���GeV for PZKL
� ��GeV�c �D���

On other hand� odd pair backgrounds does not have such constraint� since two gammas come from
di�erent pions�

Figure D�� shows the distributions of missing two gamma
s energies� The constraint described
above�Equation�D��� and �D���� are shown as solid line in Fig� D��� and the area below this line is
forbidden for even pair background�
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Since the ine�ciency of photon counter is higher for lower gammas energy� events in the lower left
corner has a higher probability of becoming background� However even pair background is not allowed
in the region below the line� while odd pair background is allowed this region�right row in Fig� D���� For
this reason� the size of odd pair background is greater than the size of even pair background� At higher
KL energy� this area becomes wider as shown in the lower row in Fig� D��� so the even pair background
becomes far less at higher KL energy�

Also� as shown in Figure D���c�� since the photon ine�ciency is higher for lower gammas energy� one
of the missing gamma
s from the even pair background tends to have a low energy�
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Figure D��� Distribution of energies of two missing gammas� �a�even pair background from ���MeV�c
KL �b�odd pair background from �GeV�c KL �c�even pair background from �GeV�c KL �d�odd pair
background from ��GeV�c KL� The area below the solid line is forbidden for even pair background�
The detector is assumed to be made of �mmPb��mmScint calorimeter�
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