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量子力学と粒子と相互作用 

摂動論による遷移確率 
（Fermi’s golden rule） 

→粒子の崩壊



不確定性

• 位置と運動量→時間とエネルギー

ΔxΔp ∼ ℏ



不確定性

• 位置と運動量→時間とエネルギー

ΔxΔp ∼ ℏ

Δx
v

× vmΔv = ΔtΔ(
1
2

mv2) = ΔtΔE ∼ ℏ



光量子(Einstein)
• エネルギーと周期 

• 黒体輻射のスペクトラム 
• 光電効果

ϵT = h → ϵ = hν = ℏω



物質波(de Broglie)
• 運動量と波長

pλ = h → p =
h
λ



波動関数、平面波

1.6.2 ࢠྔޫ (Einstein)

ϵ =hν = !ω (58)

ಉ͡ϓϥϯΫఆ hΛ༻͍ͯৼಈ νͷޫΤωϧΪʔ ϵ = hνΛͨͬ࣋
Ͱ͋Δͱͯ͠ɺޫిޮՌΛઆ໌ͨ͠ɻࢠྔ

1.6.3 ࣭ (de Broglie)

p =
h

λ
= !k (59)

1.6.4 ಈؔ,ཻੑࢠͱಈੑ

Ψ =A exp [i (kx− ωt)] = exp

[
i

! (px− Et)

]
(60)

͜ͷܾͬͨӡಈྔ pΛͭɺۭؒશମʹ͍͕ͯͬΔɻཻࢠͱ͑ࢥΔ
ͷ͜ͷॏͶ߹ΘͤʹΑΔଋɻۭؒతͳ͕Γͱӡಈྔͷ͕ΓΛ͋
Θͤͭɻෆ֬ఆੑͷөɻ

1.6.5 ฏ໘ɺಈؔͷҐ૬ͷූ߸

ͳͥɺ+(kx−ωt) = +(px−Et)ͳͷ͔ʁ−(kx−ωt) = −(px−Et)Ͱͳ͍
ͷͳ͔ͥʁ͜ΕɺϕΫτϧkɺ͘͠ӡಈྔp͕ɺͦ ͷ··ਐํߦ
Α͏ɺූ͘Λ ߸͕Ұக͢ΔΑ͏ʹ͍ͯ͠Δɻ−(kx−ωt) = −(px−Et)

Ͱ͋ͬͯɺ+ํʹਐΉͰ͋Δͱͯ͠ͳ͍ͷͰɺconventionͷ
Ͱ͋Ζ͏ɻҰํͰɺÊ = +i∂/∂tͰ͋ΔͨΊʹɺ͜ͷ conventionͰ
͋Δ͖ͳͷͰɺÊͷఆٛ͜ͷ convention༝དྷͰ͠ΐ͏ɻ

1.6.6 ԋࢠࢉ

ԋࢠࢉࣗવʹಋ͘͜ͱ͕Ͱ͖Δɻ

p =
!
i

∂

∂x
= −i! ∂

∂x
(61)

E =− !
i

∂

∂t
= i! ∂

∂t
(62)
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運動量がそのまま進行方向に見えるように



演算子
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自由粒子のShrodinger方程式

1.6.7 ࣗ༝ཻࢠͷ Shrödingerํఔࣜ

ÊΨ =ĤΦ =
p̂2

2m
Ψ (63)

i! ∂
∂t

Ψ =
1

2m

(
−i! ∂

∂x

)2

Ψ (64)

=− !2
2m

∂2

∂x2
Ψ (65)

Ψ = ψxψt (66)

ψxi!
∂

∂t
ψt =− ψt

!2
2m

∂2

∂x2
ψx (67)

1

ψt
i! ∂
∂t
ψt =− 1

ψx

!2
2m

∂2

∂x2
ψx ≡ E (68)

⎧
⎪⎨

⎪⎩

i! ∂
∂t
ψt =Eψt

− !2
2m

∂2

∂x2
ψx =Eψx

(69)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ψt =At exp

(
−i

E

! t

)

ψx =Ax exp

(
i

√
2mE

! x

)
= Ax exp

(
i
p

!x
) (70)

Ψ =A exp

[
i

! (px− Et)

]
(71)

1.6.8 Խ݅֨نͱࢠ༝ཻࣗݩ࣍1

Ψ = A exp
[
i
! (px− Et)

]
͞ aʹ͖ͭ̍ݸͷ֨نԽ݅

∫ a

0
Ψ∗Ψdx = 1 (72)

A2 = 1/aͱͳΔɻ·ͨɺपظతڥք݅ຬ͖͢ɻ

ψx(x+ a) = ψx(x) (73)

͜ͷ͜͜Ζɺࣗ༝ۭؒͷͲͷ aͷྖҬΛͱͬͯɺಉ֨͡نԽΛຬ͢ͱ
ք݅Ͱ͋Δ͖ɻڥతظͱɺप͏ࢥ

px− Et+ 2πn =p(x+ a)− Et (74)

2πn =pa (75)
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これを解くことができる。



3次元自由粒子

p =
2π

a
n (!Λলུ͍ͯ͠Δ) (76)

a = nλͱಉ͜͡ͱ→ p =
h

λ
=

2π!
a

n (77)

1.6.9 Խ݅,Ґ૬ۭؒ,ঢ়ଶ֨نͱࢠ༝ཻࣗݩ࣍3

a3ͷശʹ͖ͭ̍ݸͷ֨نԽ݅

Ψ =A exp

[
i

! (p · x− Et)

]
(78)

A2 =
1

a3
=

1

V
(79)

(px, py, pz) =
2π

a
! (nx, ny, nz) (80)

पظతڥք͔݅ΒྔࢠԽ͞ΕΔɻ

1.6.10 Ґ૬ۭؒͱঢ়ଶ

Ґ૬ۭؒͱ x× pxͰுΒΕΔ ۂయӡಈ͜ͷதͰݹͷۭؒɻݩ࣍6
ઢతͳيΛඳ͘ɻྔֶྗࢠͰɺh = px × xͷෆ֬ఆͳྖҬ͕࿈ͳͬ
͍ͯ͘ɻ͜ͷ࣌ͷ (nx, ny, nz)͔ٿΒঢ়ଶ nʹ͍ͭͯ͑ߟΔɻ

(px, py, pz) =
2π

a
! (nx, ny, nz) (81)

→ dn =
dp3

(2π!/a)3 =
dp3

(2π)3!3V (82)

ͭ·Γɺd3pV Λ h3ͷ୯ҐͰ͍͑ͯΔɻh ∼ ∆x×∆pΛ͑ߟΔͱଥ

x

px

x

px

h

ਤ 3: Trace in quatnum theory.

ͳ͔͑ͨɻ
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状態数



位相空間体積と状態数
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量子力学
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状態数が多いほど、そこに状態遷移しやすい



宿題1
• 3次元自由粒子のShrodinger方程式を書け。 
• 波動関数を求めよ。 
• V=a×a×aのサイズに1粒子の規格化を行え。 
• 状態数の運動量依存を示せ。



粒子と相互作用
• 今後通して取り扱うテーマ 
• 散乱 
• 粒子+相互作用→時間発展→状態遷移確率 
• 始状態(t=-∞)→終状態(t=+∞) 

• 崩壊 
• 粒子+相互作用→時間発展→状態遷移確率 
• 単位時間状態遷移確率Decay rate Γ=1/τ（寿命）



粒子の崩壊
• Decay rate:Γ=1/τ   (τ:寿命)

dN = − ΓNdt → N(t) = N0 exp(−Γt) = N0 exp(−t/τ)
1.6.12 ͷ่յͱࢠཻ

ͷ่յѻ͑ͳ͍ɻࢠͰɺ֬อଘΑΓɺֶཻྗࢠྔ

i!∂φ
∂t

= E0φ (92)

φ(t) =φ(0) exp(−i
E0

! t) (93)

֬ P =φ(t)∗φ(t) = |φ(0)|2 (94)

ͦ͜ͰΤωϧΪʔͷෳૉΛՃ֦ͯ͠ு͢Δɻ

E0 → E = E0 − i
Γ

2
(95)

φ(t) =φ(0) exp(−i
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! t) (96)

֬ P =φ(t)∗φ(t) = |φ(0)| exp(−Γ
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Γ
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dN
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=− 1

τ
N (99)

=
Γ

!N (100)

1/τ = Γ/!୯Ґͨ͋ؒ࣌ΓͷભҠ (transition rate=probability per

unit time)Ͱɺdecay rateͱݺΕΔɻΓΤωϧΪʔͷ෯Ͱɺwidthͱ
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−∞
dE ω(E)
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E
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崩壊幅 Γ
• 粒子の寿命 τ → 
• エネルギーも幅をもつ 
• Decay width 崩壊幅Γ(eV) 
• Decay rate Γ(s-1)  
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ͭ·Γɺण໋ τ = !/Γͷཻࢠɺ෯ ΓͷΤωϧΪʔͷ෯Λͭ࣋ɻ่յ෯,
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ਤ 5: Energy distribution of decayed particle.

decay width, widthͳͲͱݺΕΔɻ1/τ = Γ/! decay rateͰɺ୯Ґ
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ΔE × Δt = ℏ → Γ ≡ ΔE =
ℏ
τ

Γ(s−1) =
1
τ

↔ Γ(eV) =
ℏ
τ

P(E) = |ϕ(0) |2 ℏ
2π

1
(E − E0)2 + (Γ/2)2

FWHM=Γ

Breit-Wigner
Lorentzian
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ਤ 5: Energy distribution of decayed particle.

decay width, widthͳͲͱݺΕΔɻ1/τ = Γ/! decay rateͰɺ୯Ґ
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崩壊分岐比と寿命
• いくつかの終状態 
• Decay rate : Γi ：部分幅 
• 寿命τ ⇄全幅Γtot = Σ Γi    

• 崩壊分岐比 BRi

ͱϚον͢ΔྔͰ͋ΔɻࢉܭͷޙࠓΓͷભҠ֬Ͱɺͨ͋ؒ࣌

่յذൺΛͭ߹ɺͦΕͧΕͷ෦෯ͷͱͯ͠ͷ

Γtot =Γ1 + Γ2 + · · · (115)

͕ɺཻࢠͷण໋ΛܾΊΔɻ෦෯ɺͦͷ่յϞʔυ͕ܾΊΔ୯Ґ͋ؒ࣌
ͨΓͷભҠ֬ɻذൺʹ͍ͭͯɺ

BRi =Γi/Γtot (116)

ྫ͑KLͷओͳ่յϞʔυදͷΑ͏ʹͳΔɻ࣮ࡍɺ֤Ϟʔυʹ͍ͭ

ද 1: Branching ratio of KL decay
Decay mode Branching ratio

KL → π−e+ν 40 %

KL → π−µ+ν 27 %

KL → π+π−π0 13 %

KL → 3π0 20 %

่ͯյ෯ΛٻΊɺͦͷ͕શ෯ͱͳΓɺण໋͕ܾ·Δɻશ෯ͱͷൺΛऔΔ
ͱذൺʹͳΔɻ͋Δ่յϞʔυKL → 3π0͚ͩΛݕग़ͯ͠ण໋Λଌఆ
͔ͨ͠Βͱ͍ͬͯɺҟͳΔण໋ʹͳΒͳ͍͜ͱʹҙ͢Δ͜ͱɻ

19

ͱϚον͢ΔྔͰ͋ΔɻࢉܭͷޙࠓΓͷભҠ֬Ͱɺͨ͋ؒ࣌

่յذൺΛͭ߹ɺͦΕͧΕͷ෦෯ͷͱͯ͠ͷ

Γtot =Γ1 + Γ2 + · · · (115)

͕ɺཻࢠͷण໋ΛܾΊΔɻ෦෯ɺͦͷ่յϞʔυ͕ܾΊΔ୯Ґ͋ؒ࣌
ͨΓͷભҠ֬ɻذൺʹ͍ͭͯɺ

BRi =Γi/Γtot (116)

ྫ͑KLͷओͳ่յϞʔυදͷΑ͏ʹͳΔɻ࣮ࡍɺ֤Ϟʔυʹ͍ͭ

ද 1: Branching ratio of KL decay
Decay mode Branching ratio

KL → π−e+ν 40 %

KL → π−µ+ν 27 %

KL → π+π−π0 13 %

KL → 3π0 20 %

่ͯյ෯ΛٻΊɺͦͷ͕શ෯ͱͳΓɺण໋͕ܾ·Δɻશ෯ͱͷൺΛऔΔ
ͱذൺʹͳΔɻ͋Δ่յϞʔυKL → 3π0͚ͩΛݕग़ͯ͠ण໋Λଌఆ
͔ͨ͠Βͱ͍ͬͯɺҟͳΔण໋ʹͳΒͳ͍͜ͱʹҙ͢Δ͜ͱɻ

19

ͱϚον͢ΔྔͰ͋ΔɻࢉܭͷޙࠓΓͷભҠ֬Ͱɺͨ͋ؒ࣌

่յذൺΛͭ߹ɺͦΕͧΕͷ෦෯ͷͱͯ͠ͷ

Γtot =Γ1 + Γ2 + · · · (115)

͕ɺཻࢠͷण໋ΛܾΊΔɻ෦෯ɺͦͷ่յϞʔυ͕ܾΊΔ୯Ґ͋ؒ࣌
ͨΓͷભҠ֬ɻذൺʹ͍ͭͯɺ

BRi =Γi/Γtot (116)

ྫ͑KLͷओͳ่յϞʔυදͷΑ͏ʹͳΔɻ࣮ࡍɺ֤Ϟʔυʹ͍ͭ

ද 1: Branching ratio of KL decay
Decay mode Branching ratio

KL → π−e+ν 40 %

KL → π−µ+ν 27 %

KL → π+π−π0 13 %

KL → 3π0 20 %

่ͯյ෯ΛٻΊɺͦͷ͕શ෯ͱͳΓɺण໋͕ܾ·Δɻશ෯ͱͷൺΛऔΔ
ͱذൺʹͳΔɻ͋Δ่յϞʔυKL → 3π0͚ͩΛݕग़ͯ͠ण໋Λଌఆ
͔ͨ͠Βͱ͍ͬͯɺҟͳΔण໋ʹͳΒͳ͍͜ͱʹҙ͢Δ͜ͱɻ

19



粒子と相互作用
• 今後通して取り扱うテーマ 
• 粒子+相互作用→時間発展→状態遷移確率 
• 始状態 : 自由粒子（平面波） 
• 相互作用 : 弱い→摂動として扱う 
• 終状態: 自由粒子（平面波)

1.6.13 లɺFermi’sൃؒ࣌ɺ༺࡞ޓͱ૬ࢠཻ golden rule

ૉཻࢠཧͰΔ͜ͱɻ

ల→ঢ়ଶભҠ֬ൃؒ࣌→༺࡞ޓ૬+ࢠཻ (t = −∞ → +∞) (117)

ঢ়ଶ࢝Λ௨ͯ͠ɺ༺࡞ޓͷ่յಉ͡Ͱɺ૬ࢠཻ (่յલ)͔Βऴঢ়ଶ (่յ
ΓͷભҠ֬=decayͨ͋ؒ࣌ͷભҠɻ͜ͷ୯Ґ(ޙ rate=ΓΛٻΊΔɻ

1. ࣗ༝ཻࢠͷൃؒ࣌ల
ֶྗࢠྔ γϡϨσΟϯΨʔํఔࣜͷࣗ༝ཻࢠղ (H0(x) = p̂2/(2m))

૬ରతྔֶྗࢠ

• spin:0· · · ΫϥΠϯΰϧυϯํఔࣜͷࣗ༝ཻࢠղ
• spin:1/2· · · σΟϥοΫํఔࣜͷࣗ༝ཻࢠղ
• spin:1· · · ϓϩΧํఔࣜͷࣗ༝ཻࢠղ

2. ૬࡞ޓ༻ͷಋೖ (ઁಈ)HI(x, t)

3. లΛղ͘ൃؒ࣌ (Fermi’s Golden Rule)

4. ΊΔɻ(decayٻঢ়ଶ͔Βऴঢ়ଶͷભҠ֬Λ࢝ rate, cross section)

ґଘ͠ͳ͍ʹؒ࣌ Ĥ0(x)

Êψ =Ĥ0ψ (118)

ψxÊψt =ψtĤ0ψx(ؒ࣌ඇґଘͰม) (119)

1

ψt
Êψt =

1

ψx
Ĥ0ψx ≡ E (120)

⎧
⎨

⎩
i! ∂
∂t
ψt =Eψt → ψt = exp(−iEt)

Ĥ0ψx =Eψx · · ·Ek → φk

(121)

ψk =φk(x) exp(−iEkt)(ؒ࣌෦ܾ·Δɻ) (122)

͜ͷΑ͏ʹݻ༗͕ؔٻ·Δɻ

,HI(x༺࡞ޓґଘͷ૬ؒ࣌ t)

i! ∂
∂t
ψ =

(
Ĥ0 + ĤI(x, t)

)
ψ (123)

(124)

͜Εͷൃؒ࣌లΛղ͚Α͍ɻψΛࣗ༝ཻࢠղͷઢ݁ܗ߹Ͱॻ͘ɻ

ψ(x, t) =
∑

k

ck(t)ψk(x, t) (125)
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粒子と相互作用
• 今後通して取り扱うテーマ 
• 粒子+相互作用→時間発展→状態遷移確率 
• 始状態 : 自由粒子 
• 相互作用 : 弱い→摂動として扱う 

• 終状態: 自由粒子



粒子と相互作用
• 今後通して取り扱うテーマ 
• 粒子+相互作用→時間発展→状態遷移確率 
• 始状態 : 自由粒子（平面波）→空間に広がる 
• 相互作用 : 弱い→摂動として扱う 

• 終状態: 自由粒子（平面波)

定常的に入射波、散乱波/崩壊波 
常にこの描像で遷移確率を計算
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Êψ =Ĥ0ψ (118)
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ϕk(x) = exp(ipkx)

1.6.2 ࢠྔޫ (Einstein)

ϵ =hν = !ω (58)

ಉ͡ϓϥϯΫఆ hΛ༻͍ͯৼಈ νͷޫΤωϧΪʔ ϵ = hνΛͨͬ࣋
Ͱ͋Δͱͯ͠ɺޫిޮՌΛઆ໌ͨ͠ɻࢠྔ

1.6.3 ࣭ (de Broglie)

p =
h

λ
= !k (59)

1.6.4 ಈؔ,ཻੑࢠͱಈੑ

Ψ =A exp [i (kx− ωt)] = exp

[
i

! (px− Et)

]
(60)

͜ͷܾͬͨӡಈྔ pΛͭɺۭؒશମʹ͍͕ͯͬΔɻཻࢠͱ͑ࢥΔ
ͷ͜ͷॏͶ߹ΘͤʹΑΔଋɻۭؒతͳ͕Γͱӡಈྔͷ͕ΓΛ͋
Θͤͭɻෆ֬ఆੑͷөɻ

1.6.5 ฏ໘ɺಈؔͷҐ૬ͷූ߸

ͳͥɺ+(kx−ωt) = +(px−Et)ͳͷ͔ʁ−(kx−ωt) = −(px−Et)Ͱͳ͍
ͷͳ͔ͥʁ͜ΕɺϕΫτϧkɺ͘͠ӡಈྔp͕ɺͦ ͷ··ਐํߦ
Α͏ɺූ͘Λ ߸͕Ұக͢ΔΑ͏ʹ͍ͯ͠Δɻ−(kx−ωt) = −(px−Et)

Ͱ͋ͬͯɺ+ํʹਐΉͰ͋Δͱͯ͠ͳ͍ͷͰɺconventionͷ
Ͱ͋Ζ͏ɻҰํͰɺÊ = +i∂/∂tͰ͋ΔͨΊʹɺ͜ͷ conventionͰ
͋Δ͖ͳͷͰɺÊͷఆٛ͜ͷ convention༝དྷͰ͠ΐ͏ɻ

1.6.6 ԋࢠࢉ

ԋࢠࢉࣗવʹಋ͘͜ͱ͕Ͱ͖Δɻ

p =
!
i

∂

∂x
= −i! ∂

∂x
(61)

E =− !
i

∂

∂t
= i! ∂

∂t
(62)
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Fermi’s golden rule
• 単位時間あたりの遷移確率Γfi 
• 終状態の状態密度 nf 
• Transition Matrix Element 遷移行列要素 
• 波動関数のオーバーラップ

=|Tfi/!|2
∫ T/2

−T/2
dt exp (−i(Ef − Ei)t)

∫ T/2

−T/2
dt′ exp

(
i(Ef − Ei)t

′)

(152)

=|Tfi/!|2
∫ T/2

−T/2
dt exp (−i(Ef − Ei)t) (2π!)δ(Ef − Ei) (153)

=|Tfi/!|2T (2π!)δ(Ef − Ei) (154)

!δ(Ef −Ei) = δ((Ef −Ei)/!)Ͱ͋Δ͜ͱ͔Βɺ(2π!)ͷʹͳΔɻ͜
ΕͱऔΓ͏Δঢ়ଶ dnf Λͯͬɺprobablitliy per unit timeΛࢉܭɺ

dΓfi =Pfi/T = |Tfi/!|2(2π!)δ(Ef − Ei)× dnf (155)

Γfi =

∫

all the final stats
|Tfi/!|2(2π!)δ(Ef − Ei)× dnf (156)

͜Ε͕ Fermi’s golden ruleɻͯ͢ͷऴঢ়ଶʹ͍ͭͯɺΤωϧΪʔอଘΛ
՝͠ͳ͕Βɺ|transition matrix element|2Λ্͛͠Δɻ1

1.6.14 ่յ

A → 1 + 2 + · · · + nͱ͍͏่յΛ͑ߟΔɻdecay rateɺӡಈྔอଘ
ͷ߆ଋ͕͋ΔͷͰࣗ༝ʹಈ͔ͤΔ p n− ͷऴঢ়ଶͯ͢ࢠɻn-1ཻݸ1
ΛΧϯτ͢Δɻ

Γfi =

∫
(2π!)|Tfi/!|2δ(Ef − Ei)dnf (161)

=
1

!2

∫
| < 1, 2, · · · , n|HI |A > |2 (162)

× (2π!)δ(EA − E1 − E2 − · · ·En) (163)

× dp31V

(2π!)3
dp32V

(2π!)3
· · ·

dp3(n−1)V

(2π!)3
(164)

1͢͜͠ҧͬͨܗʹॻ͖͑Δͱɺ

Γfi =

∫
|Tfi/!|2(2π!)δ(Ef − Ei)× dnf (157)

=

∫
|Tfi/!|2(2π!)δ(Ef − Ei)×

dnf

dEf
dEf (158)

=(2π!)|Tfi/!|2
dnf

dEf

∣∣∣∣
Ef=Ei

(159)

≡(2π!)|Tfi/!|2ρ(Ei) (160)

ρ(Ei)ɺ࢝ঢ়ଶͷঢ়ଶີ (density of stats, ୯ҐΤωϧΪʔ͋ͨΓͷঢ়ଶ)ɻ
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ӈลɺ࢝ঢ়ଶऴঢ়ଶͰHI ΛڬΉΑ͏ʹͳΔɻ

ӈล =

∫

V
dxφ∗f (x) exp (+iEf t) ĤI(x, t)φi(x) exp(−iEit) (137)

=

∫

V
dxφ∗f (x)ĤI(x, t)φi(x) exp (i(Ef − Ei)t) (138)

= < f |ĤI |i > exp (i(Ef − Ei)t) (139)

≡Tfi exp (i(Ef − Ei)t) (140)

Tfi =< f |HI |i >ͱ͍͏ transition matrix element͕ग़Δɻ͜Ε”ۭؒ
෦”ͷಈؔΦʔόʔϥοϓʹ૬͢Δɻ

i!
(
∂cf (t)

∂t

)
= < f |ĤI |i > exp (i(Ef − Ei)t) ≡ Tfi exp (i(Ef − Ei)t)

(141)

∂cf (t)

∂t
=− i

!Tfi exp (i(Ef − Ei)t) (142)

(143)

͜ͷඍΛղ͍ͯɺT ͷޙ cf ɺ

cf (T ) =− iTfi/!
∫ T

0
dt exp (i(Ef − Ei)t) (144)

͜Ε͔ΒɺT ঢ়ଶʹޙ f ʹ͍Δ֬ Pfiɺ

Pfi =c∗fcf (145)

=|Tfi/!|2
∫ T

0
dt exp (−i(Ef − Ei)t)

∫ T

0
dt′ exp

(
i(Ef − Ei)t

′)

(146)

(147)

͜͜Ͱ࣍ͷมมΛͯ͠ରশԽ͢Δɻexp෦ʹͰΔ T/2ͷ͓Γɺ
ํͰΩϟϯηϧɻ

t → t− T/2 (148)

t′ → t′ − T/2 (149)

=|Tfi/!|2
∫ T/2

−T/2
dt exp (−i(Ef − Ei)t) exp (−i(Ef − Ei)(−T/2)) (150)

∫ T/2

−T/2
dt′ exp

(
i(Ef − Ei)t

′) exp (i(Ef − Ei)(−T/2)) (151)
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1.6.13 లɺFermi’sൃؒ࣌ɺ༺࡞ޓͱ૬ࢠཻ golden rule

ૉཻࢠཧͰΔ͜ͱɻ

ల→ঢ়ଶભҠ֬ൃؒ࣌→༺࡞ޓ૬+ࢠཻ (t = −∞ → +∞) (117)

ঢ়ଶ࢝Λ௨ͯ͠ɺ༺࡞ޓͷ่յಉ͡Ͱɺ૬ࢠཻ (่յલ)͔Βऴঢ়ଶ (่յ
ΓͷભҠ֬=decayͨ͋ؒ࣌ͷભҠɻ͜ͷ୯Ґ(ޙ rate=ΓΛٻΊΔɻ

1. ࣗ༝ཻࢠͷൃؒ࣌ల
ֶྗࢠྔ γϡϨσΟϯΨʔํఔࣜͷࣗ༝ཻࢠղ (H0(x) = p̂2/(2m))

૬ରతྔֶྗࢠ

• spin:0· · · ΫϥΠϯΰϧυϯํఔࣜͷࣗ༝ཻࢠղ
• spin:1/2· · · σΟϥοΫํఔࣜͷࣗ༝ཻࢠղ
• spin:1· · · ϓϩΧํఔࣜͷࣗ༝ཻࢠղ

2. ૬࡞ޓ༻ͷಋೖ (ઁಈ)HI(x, t)

3. లΛղ͘ൃؒ࣌ (Fermi’s Golden Rule)

4. ΊΔɻ(decayٻঢ়ଶ͔Βऴঢ়ଶͷભҠ֬Λ࢝ rate, cross section)

ґଘ͠ͳ͍ʹؒ࣌ Ĥ0(x)

Êψ =Ĥ0ψ (118)

ψxÊψt =ψtĤ0ψx(ؒ࣌ඇґଘͰม) (119)

1

ψt
Êψt =

1

ψx
Ĥ0ψx ≡ E (120)

⎧
⎨

⎩
i! ∂
∂t
ψt =Eψt → ψt = exp(−iEt)

Ĥ0ψx =Eψx · · ·Ek → φk

(121)

ψk =φk(x) exp(−iEkt)(ؒ࣌෦ܾ·Δɻ) (122)

͜ͷΑ͏ʹݻ༗͕ؔٻ·Δɻ

,HI(x༺࡞ޓґଘͷ૬ؒ࣌ t)

i! ∂
∂t
ψ =

(
Ĥ0 + ĤI(x, t)

)
ψ (123)

(124)

͜Εͷൃؒ࣌లΛղ͚Α͍ɻψΛࣗ༝ཻࢠղͷઢ݁ܗ߹Ͱॻ͘ɻ

ψ(x, t) =
∑

k

ck(t)ψk(x, t) (125)
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ck(t)ͷൃؒ࣌ల͕Θ͔ΕΑ͍ɻ
ͦΕͰ࣮ࡍʹ͜ΕΛೖͯ͠ɺck(t)ͷຬ͖ͨࣜ͢ΛͯݟΈΑ͏ɻ

i! ∂
∂t

∑

k

ck(t)ψk(x, t) =
(
Ĥ0 + ĤI(x, t)

)∑

k

ck(t)ψk(x, t)

(126)

i! ∂
∂t

∑

k

ck(t)φk(x) exp(−iEkt) =
(
Ĥ0 + ĤI(x, t)

)∑

k

ck(t)φk(x) exp(−iEkt)

(127)

∑

k

⎧
⎪⎨

⎪⎩

i!
(
∂ck(t)

∂t

)
φk(x) exp(−iEkt)

+ick(t)φk(x)(−iEk) exp(−iEkt)

⎫
⎪⎬

⎪⎭
=
∑

k

{
ck(t)Ekφk(x) exp(−iEkt)

+ĤI(x, t)ck(t)φk(x) exp(−iEkt)

}

(128)
∑

k

i!
(
∂ck(t)

∂t

)
φk(x) exp(−iEkt) =

∑

k

ĤI(x, t)ck(t)φk(x) exp(−iEkt)

(129)

͜͜ͰɺHI ͕ेখ͞ͳઁಈͰɺॳظঢ়ଶ͕Eiͷݻ༗ঢ়ଶͱ͢Δͱɺ͜
ͷׂ߹͕΄΅ 1Ͱଞ 0Ͱ͢Ͷɻ

ck(t) ∼
{
1 (k = i)

0 (k ̸= i)
(130)

͢Δͱɺ

∑

k

i!
(
∂ck(t)

∂t

)
φk(x) exp(−iEkt) ∼ĤI(x, t)φi(x) exp(−iEit) (131)

(132)

͋Δಛఆͷऴঢ়ଶ φf (x)ʹ͍ͭͯΓ͚ͨΕɺ྆ลʹɺ
∫

V
dxφ∗f (x) exp (+iEf t) (133)

Λ࡞༻ͤ͞ΔͱΑ͍ͩΖ͏ɻࠨลɺݻ༗ؔͷަ͔݅Βɺ

ลࠨ =

∫

V
dxφ∗f (x) exp (+iEf t) i!

(
∂cf (t)

∂t

)
φf (x) exp(−iEf t) (134)

=i!
(
∂cf (t)

∂t

)
(135)

(136)

21



ck(t)ͷൃؒ࣌ల͕Θ͔ΕΑ͍ɻ
ͦΕͰ࣮ࡍʹ͜ΕΛೖͯ͠ɺck(t)ͷຬ͖ͨࣜ͢ΛͯݟΈΑ͏ɻ

i! ∂
∂t

∑

k

ck(t)ψk(x, t) =
(
Ĥ0 + ĤI(x, t)

)∑

k

ck(t)ψk(x, t)

(126)

i! ∂
∂t

∑

k

ck(t)φk(x) exp(−iEkt) =
(
Ĥ0 + ĤI(x, t)

)∑

k

ck(t)φk(x) exp(−iEkt)

(127)

∑

k

⎧
⎪⎨

⎪⎩

i!
(
∂ck(t)

∂t

)
φk(x) exp(−iEkt)

+ick(t)φk(x)(−iEk) exp(−iEkt)

⎫
⎪⎬

⎪⎭
=
∑

k

{
ck(t)Ekφk(x) exp(−iEkt)

+ĤI(x, t)ck(t)φk(x) exp(−iEkt)

}

(128)
∑

k

i!
(
∂ck(t)

∂t

)
φk(x) exp(−iEkt) =

∑

k

ĤI(x, t)ck(t)φk(x) exp(−iEkt)

(129)

͜͜ͰɺHI ͕ेখ͞ͳઁಈͰɺॳظঢ়ଶ͕Eiͷݻ༗ঢ়ଶͱ͢Δͱɺ͜
ͷׂ߹͕΄΅ 1Ͱଞ 0Ͱ͢Ͷɻ

ck(t) ∼
{
1 (k = i)

0 (k ̸= i)
(130)

͢Δͱɺ

∑

k

i!
(
∂ck(t)

∂t

)
φk(x) exp(−iEkt) ∼ĤI(x, t)φi(x) exp(−iEit) (131)

(132)

͋Δಛఆͷऴঢ়ଶ φf (x)ʹ͍ͭͯΓ͚ͨΕɺ྆ลʹɺ
∫

V
dxφ∗f (x) exp (+iEf t) (133)

Λ࡞༻ͤ͞ΔͱΑ͍ͩΖ͏ɻࠨลɺݻ༗ؔͷަ͔݅Βɺ

ลࠨ =

∫

V
dxφ∗f (x) exp (+iEf t) i!

(
∂cf (t)

∂t

)
φf (x) exp(−iEf t) (134)

=i!
(
∂cf (t)

∂t

)
(135)

(136)
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ӈลɺ࢝ঢ়ଶऴঢ়ଶͰHI ΛڬΉΑ͏ʹͳΔɻ

ӈล =

∫

V
dxφ∗f (x) exp (+iEf t) ĤI(x, t)φi(x) exp(−iEit) (137)

=

∫

V
dxφ∗f (x)ĤI(x, t)φi(x) exp (i(Ef − Ei)t) (138)

= < f |ĤI |i > exp (i(Ef − Ei)t) (139)

≡Tfi exp (i(Ef − Ei)t) (140)

Tfi =< f |HI |i >ͱ͍͏ transition matrix element͕ग़Δɻ͜Ε”ۭؒ
෦”ͷಈؔΦʔόʔϥοϓʹ૬͢Δɻ

i!
(
∂cf (t)

∂t

)
= < f |ĤI |i > exp (i(Ef − Ei)t) ≡ Tfi exp (i(Ef − Ei)t)

(141)

∂cf (t)

∂t
=− i

!Tfi exp (i(Ef − Ei)t) (142)

(143)

͜ͷඍΛղ͍ͯɺT ͷޙ cf ɺ

cf (T ) =− iTfi/!
∫ T

0
dt exp (i(Ef − Ei)t) (144)

͜Ε͔ΒɺT ঢ়ଶʹޙ f ʹ͍Δ֬ Pfiɺ

Pfi =c∗fcf (145)

=|Tfi/!|2
∫ T

0
dt exp (−i(Ef − Ei)t)

∫ T

0
dt′ exp

(
i(Ef − Ei)t

′)

(146)

(147)

͜͜Ͱ࣍ͷมมΛͯ͠ରশԽ͢Δɻexp෦ʹͰΔ T/2ͷ͓Γɺ
ํͰΩϟϯηϧɻ

t → t− T/2 (148)

t′ → t′ − T/2 (149)

=|Tfi/!|2
∫ T/2

−T/2
dt exp (−i(Ef − Ei)t) exp (−i(Ef − Ei)(−T/2)) (150)

∫ T/2

−T/2
dt′ exp

(
i(Ef − Ei)t

′) exp (i(Ef − Ei)(−T/2)) (151)
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ӈลɺ࢝ঢ়ଶऴঢ়ଶͰHI ΛڬΉΑ͏ʹͳΔɻ
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V
dxφ∗f (x) exp (+iEf t) ĤI(x, t)φi(x) exp(−iEit) (137)

=

∫

V
dxφ∗f (x)ĤI(x, t)φi(x) exp (i(Ef − Ei)t) (138)

= < f |ĤI |i > exp (i(Ef − Ei)t) (139)

≡Tfi exp (i(Ef − Ei)t) (140)

Tfi =< f |HI |i >ͱ͍͏ transition matrix element͕ग़Δɻ͜Ε”ۭؒ
෦”ͷಈؔΦʔόʔϥοϓʹ૬͢Δɻ

i!
(
∂cf (t)

∂t

)
= < f |ĤI |i > exp (i(Ef − Ei)t) ≡ Tfi exp (i(Ef − Ei)t)

(141)

∂cf (t)

∂t
=− i

!Tfi exp (i(Ef − Ei)t) (142)

(143)

͜ͷඍΛղ͍ͯɺT ͷޙ cf ɺ

cf (T ) =− iTfi/!
∫ T

0
dt exp (i(Ef − Ei)t) (144)

͜Ε͔ΒɺT ঢ়ଶʹޙ f ʹ͍Δ֬ Pfiɺ

Pfi =c∗fcf (145)

=|Tfi/!|2
∫ T

0
dt exp (−i(Ef − Ei)t)

∫ T

0
dt′ exp

(
i(Ef − Ei)t

′)

(146)

(147)

͜͜Ͱ࣍ͷมมΛͯ͠ରশԽ͢Δɻexp෦ʹͰΔ T/2ͷ͓Γɺ
ํͰΩϟϯηϧɻ

t → t− T/2 (148)

t′ → t′ − T/2 (149)

=|Tfi/!|2
∫ T/2

−T/2
dt exp (−i(Ef − Ei)t) exp (−i(Ef − Ei)(−T/2)) (150)

∫ T/2

−T/2
dt′ exp

(
i(Ef − Ei)t

′) exp (i(Ef − Ei)(−T/2)) (151)

22



=|Tfi/!|2
∫ T/2

−T/2
dt exp (−i(Ef − Ei)t)

∫ T/2

−T/2
dt′ exp

(
i(Ef − Ei)t

′)

(152)

=|Tfi/!|2
∫ T/2

−T/2
dt exp (−i(Ef − Ei)t) (2π!)δ(Ef − Ei) (153)

=|Tfi/!|2T (2π!)δ(Ef − Ei) (154)

!δ(Ef −Ei) = δ((Ef −Ei)/!)Ͱ͋Δ͜ͱ͔Βɺ(2π!)ͷʹͳΔɻ͜
ΕͱऔΓ͏Δঢ়ଶ dnf Λͯͬɺprobablitliy per unit timeΛࢉܭɺ

dΓfi =Pfi/T = |Tfi/!|2(2π!)δ(Ef − Ei)× dnf (155)

Γfi =

∫

all the final stats
|Tfi/!|2(2π!)δ(Ef − Ei)× dnf (156)

͜Ε͕ Fermi’s golden ruleɻͯ͢ͷऴঢ়ଶʹ͍ͭͯɺΤωϧΪʔอଘΛ
՝͠ͳ͕Βɺ|transition matrix element|2Λ্͛͠Δɻ1

1.6.14 ่յ

A → 1 + 2 + · · · + nͱ͍͏่յΛ͑ߟΔɻdecay rateɺӡಈྔอଘ
ͷ߆ଋ͕͋ΔͷͰࣗ༝ʹಈ͔ͤΔ p n− ͷऴঢ়ଶͯ͢ࢠɻn-1ཻݸ1
ΛΧϯτ͢Δɻ

Γfi =

∫
(2π!)|Tfi/!|2δ(Ef − Ei)dnf (161)

=
1

!2

∫
| < 1, 2, · · · , n|HI |A > |2 (162)

× (2π!)δ(EA − E1 − E2 − · · ·En) (163)

× dp31V

(2π!)3
dp32V

(2π!)3
· · ·

dp3(n−1)V

(2π!)3
(164)

1͢͜͠ҧͬͨܗʹॻ͖͑Δͱɺ

Γfi =

∫
|Tfi/!|2(2π!)δ(Ef − Ei)× dnf (157)

=

∫
|Tfi/!|2(2π!)δ(Ef − Ei)×

dnf

dEf
dEf (158)

=(2π!)|Tfi/!|2
dnf

dEf

∣∣∣∣
Ef=Ei

(159)

≡(2π!)|Tfi/!|2ρ(Ei) (160)

ρ(Ei)ɺ࢝ঢ়ଶͷঢ়ଶີ (density of stats, ୯ҐΤωϧΪʔ͋ͨΓͷঢ়ଶ)ɻ
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崩壊

=|Tfi/!|2
∫ T/2

−T/2
dt exp (−i(Ef − Ei)t)

∫ T/2

−T/2
dt′ exp

(
i(Ef − Ei)t

′)

(152)

=|Tfi/!|2
∫ T/2

−T/2
dt exp (−i(Ef − Ei)t) (2π!)δ(Ef − Ei) (153)

=|Tfi/!|2T (2π!)δ(Ef − Ei) (154)

!δ(Ef −Ei) = δ((Ef −Ei)/!)Ͱ͋Δ͜ͱ͔Βɺ(2π!)ͷʹͳΔɻ͜
ΕͱऔΓ͏Δঢ়ଶ dnf Λͯͬɺprobablitliy per unit timeΛࢉܭɺ

dΓfi =Pfi/T = |Tfi/!|2(2π!)δ(Ef − Ei)× dnf (155)

Γfi =

∫

all the final stats
|Tfi/!|2(2π!)δ(Ef − Ei)× dnf (156)

͜Ε͕ Fermi’s golden ruleɻͯ͢ͷऴঢ়ଶʹ͍ͭͯɺΤωϧΪʔอଘΛ
՝͠ͳ͕Βɺ|transition matrix element|2Λ্͛͠Δɻ1

1.6.14 ่յ

A → 1 + 2 + · · · + nͱ͍͏่յΛ͑ߟΔɻdecay rateɺӡಈྔอଘ
ͷ߆ଋ͕͋ΔͷͰࣗ༝ʹಈ͔ͤΔ p n− ͷऴঢ়ଶͯ͢ࢠɻn-1ཻݸ1
ΛΧϯτ͢Δɻ

Γfi =

∫
(2π!)|Tfi/!|2δ(Ef − Ei)dnf (161)

=
1

!2

∫
| < 1, 2, · · · , n|HI |A > |2 (162)

× (2π!)δ(EA − E1 − E2 − · · ·En) (163)

× dp31V

(2π!)3
dp32V

(2π!)3
· · ·

dp3(n−1)V

(2π!)3
(164)

1͢͜͠ҧͬͨܗʹॻ͖͑Δͱɺ

Γfi =

∫
|Tfi/!|2(2π!)δ(Ef − Ei)× dnf (157)

=

∫
|Tfi/!|2(2π!)δ(Ef − Ei)×

dnf

dEf
dEf (158)

=(2π!)|Tfi/!|2
dnf

dEf

∣∣∣∣
Ef=Ei

(159)

≡(2π!)|Tfi/!|2ρ(Ei) (160)

ρ(Ei)ɺ࢝ঢ়ଶͷঢ়ଶີ (density of stats, ୯ҐΤωϧΪʔ͋ͨΓͷঢ়ଶ)ɻ
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A ؆୯ͳ δ-function

∫ +∞

−∞
exp(ikx) dk =

1

ix
[exp(ikx)]+∞

−∞ (618)

=
1

ix
[exp(inx)− exp(−inx)] (619)

=
2

x
sin(nx) (620)
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sin(4*x)
x

sin(4*x)/x

ਤ 12: Delta function.

• sin(nx): − π
2n : + π

2n ͷؒɺy ∼ nx

• x: y = x

• 2
x sin(nx) ∼ 2n

Area ∼π
n
× 2n = 2π (621)

B ͳີݫ δ-function

∫ +∞

−∞
exp(ikx) dk =2πδ(x) (622)

ลࠨ = lim
n→∞

∫ +n

−n
exp(ikx) dk (623)

= lim
n→∞

[
1

ix
exp(ikx)

]+n

−n

(624)
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=
2

x

exp(inx)− exp(−inx)

2i
(625)

=
2

x
sin(nx) (626)

͜Ε δؔͷΑ͏͕ͩɺ͜ͷ xੵ͍͘Β͔?

∫ +∞

−∞
dx

sin(nx)

x
=

∫ +∞

−∞
dX

sin(X)

X
(627)

=ℑ
∫ +∞

−∞
dz

eiz

z
(628)

(629)

CR

Cr

Rr

ਤ 13: Integration path.

0 =

∫ −r

−R
+

∫ R

r
+

∫

Cr

+

∫

CR

(630)

=

∫ −r

−R
+

∫ R

r
+

∫

Cr

+

∫

CR

(631)

=

∫ R

r
dx

−e−ix

x
+

∫ R

r
dx

eix

x
+

∫

Cr

+

∫

CR

(632)

=

∫ R

r
dx2i

sin(x)

x
+

∫

Cr

+

∫

CR

(633)

=

∫ R

r
dx2i

sin(x)

x
+

∫ 0

π

exp(ir(cos θ + i sin θ))

reiθ
ireiθdθ (634)

→
∫ ∞

0
dx2i

sin(x)

x
− iπ (635)

∫ ∞

0
dx

sin(x)

x
=
π

2
(636)

∫ ∞

−∞
dx

sin(x)

x
= π (637)
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宿題2
• Fermi’s golden ruleを自分でもまとめてみよう。 
• デルタ関数と積分の関係をまとめよ。

A ؆୯ͳ δ-function

∫ +∞

−∞
exp(ikx) dk =

1

ix
[exp(ikx)]+∞

−∞ (618)

=
1

ix
[exp(inx)− exp(−inx)] (619)

=
2

x
sin(nx) (620)
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ਤ 12: Delta function.

• sin(nx): − π
2n : + π

2n ͷؒɺy ∼ nx

• x: y = x

• 2
x sin(nx) ∼ 2n

Area ∼π
n
× 2n = 2π (621)

B ͳີݫ δ-function

∫ +∞

−∞
exp(ikx) dk =2πδ(x) (622)

ลࠨ = lim
n→∞

∫ +n

−n
exp(ikx) dk (623)

= lim
n→∞

[
1

ix
exp(ikx)

]+n

−n

(624)
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